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Resume 
La presente etude s'inscrivant dans le cadre de la reduction du bruit et des vibrations dans le 
domaine industriel repond au besoin de developper des modeles numeriques precis, fiables et 
de moindres couts de calcul capables de predire le comportement vibroacoustique des 
structures contenant un materiau viscoelastique. En effet, Futilisation des toles sandwich a 
coeur viscoelastique a motive le developpement des methodes de prediction fiables pour ses 
indicateurs vibroacoustiques. De plus, de telles methodes permettent le developpement de 
nouveaux materiaux amortissants, tout en respectant la contrainte de poids et d'espace et en 
maintenant les criteres de rigidite et de faisabilite. 
Un nouvel element fini a ete presente pour des poutres sandwich a coeur viscoelastique 
symetriques et non symetriques. Le modele est base sur une approche discrete en deplacement 
et prend en compte 1'effet de courbure de la structure. L'element utilise des polynomes 
d'interpolation lineaire et cubique pour les deplacements axiaux et transversaux, 
respectivement. L'effet rotationnel du cisaillement transversal dans le coeur sur le 
comportement des peaux assure une coherence des deplacements au niveau de l'interface des 
couches, resultant ainsi en bonne presentation de la physique. Ensuite, une implantation des 
modeles d'amortissement viscoelastiques (GHM, ADF, MSE) a ete effectuee pour prendre en 
compte la dependance en frequence des proprietes des materiaux viscoelastiques. 
L'element a ete etendu au cas des plaques. Deux elements sandwich ont ete presentes : un 
element quadrilatere a 4 nceuds et un element triangulaire a 3 noeuds. Chaque noeud contient 7 
degres de liberie pour chaque element. Pour permettre une analyse de la structure dans 
l'espace 3D, deux degres de liberie en rotation sont rajoutes, obtenant ainsi un total de 9 ddl 
par noeud. Le present element est facile a coupler avec des elements standards (quad4, tri3,...). 
Les elements developpes sont entierement valides numeriquement et experimentalement pour 
demontrer leur precision et leur efficacite en temps de calcul. Les essais se composent de 
diverses configurations de panneaux sandwich dans un systeme couple et non couple de 
plaque-cavite. Une etude parametrique est finalement presentee pour montrer les effets des 
proprietes des peaux elastiques et du coeur viscoelastique sur les vibrations et le rayonnement 
de telles structures sous des excitations mecaniques et acoustiques. En outre, des simulations 
NVH ont ete effectuees sur des panneaux sandwich et comparees a des panneaux en acier, et 
cela avec traitement acoustique pour les deux configurations. 
l 
Mots cles : Elements finis, structures sandwich, vibration, amortissement, viscoelasticite, 
traitement acoustique 
Abstract 
The present study emerges from the need for reduction of noise and vibrations in almost all 
industrial fields and the need for an accurate and reliable low-cost numerical model capable of 
predicting the vibro-acoustic response of structures containing viscoelastic materials. 
Indeed, the use of steel/viscoelastic/steel sandwich panels has motivated the development of 
accurate prediction methods for their vibration and acoustic indicators. Moreover, such 
theories may support the development of new damping materials while prioritizing strategies 
for low cost and weight and maintaining component rigidity and feasibility. 
A new sandwich finite element is presented for the specific case of unsymmetrical three-
layered damped sandwich beam with internal viscoelastic damping. The model is based on a 
discrete displacement approach and accounts for the curvature effect. The element uses C° 
continuous linear and cubic polynomials to interpolate the in-plane and transverse 
displacement fields, respectively. The rotational influence of the transversal shearing in the 
core on the skins' behaviours ensures displacement consistency over the interfaces between 
the viscoelastic core and the elastic skins, resulting in accurate representations of the physics. 
To take the frequency dependence into account, viscoelastic models such as ADF, GHM and 
MSE models are implemented. The element is extended to the vibration of unsymmetrical 
damped sandwich plates. Two efficient finite element sandwich plates are developed; refined 
rectangular and triangular elements having four and three-corner nodes, respectively. Each 
node of both elements contains seven degrees of freedom. To allow for analysis with arbitrary 
orientation in three-dimensional space, two drilling degrees of freedom are added. A 
formulation with nine degrees of freedom per node is thus employed. The present sandwich 
element is easy to interface with classical elements. The element is fully validated through 
both experimental tests and classical 3D FE modeling to prove its accuracy and computational 
efficiency. The tests consist of various configurations of sandwich panels in a coupled and 
uncoupled plate-cavity system. A parametric study is finally presented to highlight the effects 
of skin and core properties on the vibration and radiation of such structures under both 
airborne and structure-borne excitations. Finally, to illustrate practical use of the element, 
NYH simulations were conducted on laminated steel panels with added sound packages and 
compared to steel panels. 
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1 INTRODUCTION 
1.1 Context and problem 
Interior noise is an important consideration in the design and operation of virtually all 
automotive, railway and aerospace vehicles. In cars, interior noise is mainly due to the 
vibration of different systems, such as floor panels, body panels, engine mounts and 
suspensions, due to various excitations (engine, power train, road inputs, wind, etc.). The 
vibration of these components is responsible for about 90% of the harshness-related acoustical 
energy in the vehicle interior (Rao, 2003). The interior sound is primarily controlled by the 
properties and complexity of the panels responsible for noise radiation and the attached sound 
proofing and damping materials. However, modern weight and space constraints require the 
optimal use of these materials, and thus the development of new noise and vibration control 
strategies. One specific problem concerns the design of optimal passive damping treatment. 
Damping can be added explicitly in the form of added treatments (spray, baked-on mastics, 
asphalt sheets, viscoelastic constrained layer patches, tuned viscoelastic dampers, etc.), 
embedded in the design of the structure (laminated steel), or indirectly added through the use 
of sound package (damping added by foams, fibres, etc.). Damping treatments are believed to 
be most effective in reducing structure-bore noise at low frequencies. At high frequencies, 
they work in conjunction with the sound package to reduce air-borne transmission paths. 
Passive damping technology using viscoelastic materials is classically used to improve the 
vibroacoustic behaviour for structure-borne excitations. The steel industry proposes damped 
sandwich panels with a thin layer of viscoelastic core (Metal/Polymer/Metal: MPM). This 
construction has appeared recently as a viable alternative to add-on damping (Dynalam). It has 
been shown that this class of materials enables manufacturers to cut weight and cost while 
providing noise, vibration and harshness performance (Pyper, 2001; Welch et Schwaegler, 
1998). Although initially confined to the aerospace field, laminated structures with a 
viscoelastic core are now applied in almost all industrial fields. This motivated the 
development of predictive methods for vibration and acoustic performance. Optimizing and 
designing such materials requires a detailed and fundamental investigation of the mechanisms 
of damping materials and their interaction with the underlying vibrating structures. The main 
objective of this project is to develop an accurate and reliable low-cost finite element based 
1 
numerical tool that is capable of predicting the vibroacoustic response of structures containing 
viscoelastic materials with the following specifications: 
Plate and beam element for curved structure 
Accuracy comparable to classical models 
Account for frequency dependency of the core properties 
Interface with classical elements 
Allow for both symmetrical and unsymmetrical configurations 
Computationally efficient 
Predict the acoustic and vibration performances 
2 
1.2 Literature review 
1.2.1 Analytical modeling of laminated steel 
Many authors studied the vibroacoustic behaviours of laminated structures with a viscoelastic 
core. The fundamental work in this field was pioneered by Ross, Ungar, and Kerwin (Ross et 
al., 1959) who used a three-layer model to predict damping in plates with constrained layer 
damping treatments. Kerwin (Kerwin, 1959) was the first to present a theoretical approach of 
damped thin structures with constrained viscoelastic layer. He stated that the energy 
dissipation mechanism in the constrained core is attributable to its shear motion. He presented 
the first analysis of the simply supported sandwich beam, using a complex modulus to 
represent the viscoelastic core. Several authors (DiTaranto, 1965), Mead and Markus (Mead, 
1969) extended Kerwin's work using the same basic assumptions. Di Taranto (DiTaranto, 
1965) proposed a sixth-order theory for the unsymmetrical three-layer beam, and this was 
subsequently refined (Mead, 1969; Mead, 1970; Rao, 1978; Rao, 1978). A fourth-order 
equation of motion was developed by Yan and Dowell (Yan, 1972) for beams and plates. 
Shear motion in the faces and rotational inertia are taken into account to obtain a sixth-order 
equation which is simplified to the fourth order. Mead (Mead, 1982) reviewed previous 
theories (DiTaranto, 1965; Mead, 1969) and stated that most authors made the same basic 
assumptions and concluded that all the theories must predict the same loss factors. This set of 
assumptions is known in the literature by "Mead and Markus model" (Mead, 1969). Yu (Yu, 
1962) includes in its study the effects of the rotational inertia and longitudinal displacement 
for the symmetrical plates. Rao and Nakra (Rao, 1973; Sadasiva Rao, 1974) include these 
same effects in their equation of motion of unsymmetrical plates and beams. Most of the 
authors cited above, have neglected the effect of shearing in the skins. Durocher and Solecki 
(Durocher, 1976) include the shearing effects in the skins in the symmetrical plate model and 
ensure the continuity of displacements and shear stresses at the interfaces. Mead and Markus 
(Mead, 1982), validated and compared Yan and Dowell's simplified model, as well as the 
models of DiTaranto, with an accurate differential equation, accounting for shearing and 
rotational inertia in the skins, as well as a discrete displacement field of the layers. 
An analytical method considering flexural, longitudinal, rotational and shear deformations in 
all layers of sandwich beams with multiple constrained layer damping patches is proposed by 
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Kung (Kung, 1998). The method is verified by comparing results for a single patch with those 
reported in the literature by Lall et al. (Lall, 1988) and Rao (Rao, 1978). Shorter (Shorter, 
2004), developed a spectral finite element method to handle laminated panels. A one-
dimensional finite-element mesh is used to describe the through-thickness deformation of the 
laminate, and the dispersion equation for plane-wave propagation is formulated as a linear 
algebraic eigenvalue problem in wave number at each frequency of interest. Two wave-based 
approaches are proposed by Ghinet and Atalla (Ghinet, 2005). The first concerns the modeling 
of thick flat sandwich composite; it uses a discrete displacement field for each layer and 
allows for out-of-plane displacements and shearing rotations. Good results were obtained and 
compared with experimental data. The second concerns the modeling of thick laminate 
structures. Each layer is described by a Reissner-Mindlin displacement field and equilibrium 
relations account for membrane, transversal shearing, bending and full inertial terms. The 
discrete displacement of each layer leads to accuracy over a wide frequency range. The model 
is successfully validated with numerical classical spectral finite elements and experimental 
results. 
1.2.1.1 Displacement field 
Two approaches have been used by authors to model laminated steels: the three- dimensional 
approach and the two-dimensional approach. 
The first theory is referred to as three-dimensional elasticity. Srinivas and Rao (Srinivas, 
1970) use those theories to study the vibration of laminated rectangular plates and results were 
presented for simply-supported boundary conditions only. Results were also presented for 
other boundary conditions (Savoia, 1992; Teo, 1999). These theories are very efficient. 
However, their implementation for general boundary conditions is very difficult, thus reducing 
their application field. 
The second theory is referred to as compatible hypothesis with the studied physical 
phenomena. In this case, two approaches are used: stress or displacement approaches 
(PRYOR, 1971) and hybrid theories (Cook, 1972; Spilker, 1972; Spilker, 1977) (based on the 
two approaches). The hybrid theories present the advantage of being able to satisfy the 
continuity conditions of displacements and constraints at the interfaces. 
Laminated steel theories are usually classified by the form of their assumed displacement 
fields. They are based on a global displacement field for all layers or on unique displacement 
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fields for each layer. To this end, one can define five types of models which can be regrouped 
into two major categories; the first category is made up of the models which use a global 
displacement fields for all layers: 
1. First order shear deformation theory: uses linear displacement field in z direction 
[equivalent to Reissner-Mindlin theory, Yang et al. (Yang et al., 1966), Pryor et al 
(PRYOR, 1971), Whitney (Whitney, 1987), Noor-Burton (Noor, 1992; Noor, 1990), 
Batoz-Dhatt (Batoz et Dhatt, 1992a), (Guyader et Cacciolati, 2007)]. 
2. Higher-order shear deformation theory: Whitney (Whitney, 1973), Reddy (Reddy, 1984; 
Reddy, 1987; Reddy, 1989), Garrison (Garrison et al., 1992; Garrison, 1994), Lo, KH. et 
al. (Lo, 1977), Tessler A. (Tessler, 1991). 
3. Simplified higher-order theory: Reddy, (Reddy, 1984), Noor-Burton (Noor, 1992; Noor, 
1990). 
The last two models use the higher order of displacement field (greater than 1) in thickness 
direction. 
The second category is made up of the models which use a discrete displacement field 
(displacement field for each layer): 
1. Discrete layer theory: (Reddy, 1987; Xianqiang, 1992), Ghinet and Atalla (Ghinet, 2007). 
2. Simplified discrete layer theory: (Srinivas, 1973), (Sun, 1973), (Guyader, 1977), (Di 
Sciuva, 1987), Woodcock (Woodcock, 1993). 
For the first category, an equivalent displacement approach is used for modeling the laminated 
structures. The material properties of all the layers are "smeared", and the laminate is modeled 
as an equivalent single anisotropic layer. 
The first order displacement field theories assume linear displacement through the thickness. 
These theories are divided into two families: classical theories (CLPT: "Classical Laminated 
Plate Theory") and shear theories (FSDT: "First-Order Shear Deformation Theory") 
(Verijenko, 1995). The classical theories are the extension of the Love-Kirchhoff plate theory, 
whereas the shear theories are the extension of the Reissner-Mindlin theories. The CLPT 
theories cannot provide efficient and accurate solutions for laminated composite plates as they 
neglect the shear-deformation effects. On the other hand, the FSDT allows a constant 
transverse shear strain through the thickness and needs a shear correction factor to adjust 
transverse shear energy. This shear correction factor is dependent on the lamination scheme 
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and layer properties for accurate results (Whitney, 1973). These theories yield adequate 
predictions of overall thin or moderately thick laminate behaviour and in-plane stresses, 
provided that the stiffness properties of adjacent layers do not vary drastically, but cannot give 
adequate forecasting of the local stress-strain characteristics, especially for the through-the-
thickness stress responses in the regions of discontinuity. However, in order to reduce the 
inaccuracies of the FSDT, when modeling the response of thick structures or when local 
variations of deformation or stress are desired, higher-order effects need to be taken into 
account. For this purpose, higher order shear-deformation theories (HSDT) were proposed. In 
these models, a non linear variation and C1 continuous of displacements through the thickness 
of the laminate are considered. These theories are adequate in predicting the global responses, 
but fail in the study of local responses of the shells because they predict discontinuous 
transverse shear stresses at layer interfaces if the constitutive equations are used to compute 
stresses. 
As an alternative way to improve higher order shear-deformation theories, simplified higher 
order shear-deformation theories (SHSDT) have been proposed. They satisfy zero transverse 
shear stress conditions at the top and bottom faces of the plates, which results in reducing the 
number of D.O.F. However, these theories are unable to satisfy the transverse stress continuity 
at interfaces between adjacent layers of different materials. Therefore, the local deformations 
and stresses, and sometimes even the overall laminate response, is not well predicted. 
To overcome the shortcomings of the equivalent single-layer approach, the well-known 
discrete layer or layerwise theories (cited in the second category), based on a piecewise 
description of the displacement field, have been considered as a promising approach (Ghinet, 
2007; Robbins, 1993; Sun, 1973; Toledano, 1987). These theories are based on a unique 
displacement field for each layer and enforce interlaminar continuity of displacements and 
sometimes of transverse stresses, as well. These theories predict excellent global and local 
distributions of in-plane and out-of-plane displacements and stresses. Many researchers 
avoided the use of these theories, although they provided very accurate results in general, 
since they were quite cumbersome in solving problems because of the dependency between 
the order of their governing equations and the number of layers of laminates. 
Sun and Whitney (Sun, 1973) and (Di Sciuva, 1987) define the second possibility for the 
continuity conditions (Simplified discrete layer theory): in addition to the interlaminar 
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continuity of displacements, they enforce the transverse shear stress continuity conditions at 
each interface in the laminate, providing a total number of degrees of freedom of five (not 
dependent on the number of layers). However, it involves some inaccuracies compared to the 
previous model. 
1.2.1.2 Kinematics of the models 
It was previously seen that the models developed differ from one to the other depending on 
the approach adopted by the authors. 
The most frequently used models are based on the assumptions of Kirchhoff-Love or 
Reissner-Mindlin, which suppose a linear displacement field through the thickness. For the 
global displacement fields, the kinematics of the models can be expressed by the following 
expression: 
U(x,z,t) = U0(x,t)-z^^- + f(z)/3(x,t) (1.1) 
ox 
Where: 
U(x,z,t) is the longitudinal displacement. 
Uo(x,t) is the displacement of the median surface of the core. 
J3(x,t) represents the additional rotation of the normal on the median surface and can be 
considered as the "functions of shearing". The expression "f(z)" is selected as follows, 
following various assumptions: 
• Model 1 
• Model 3 
• Model 4 
f(z)=0 Kirchhoff-Love assumptions; 
f(z)=z Mindlin assumptions; 
f(z)=z-4z3/(3ht2) Reddy assumptions (Reddy, 1984); 
ht is the total thickness of the sandwich. 
On the other hand, for the discrete displacement fields, the kinematics of the models can be 
expressed by the following expressions (case of a symmetric sandwich): 
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hc and /?/are the thicknesses of the core and the skin respectively. 
ht the total thickness of the sandwich plate. 
Ui(x,t),Ul(x,i),Ul(x,i) are the longitudinal displacements of the median surface of the 
three layers. 
The displacement fields U°(x,t) and U°(x,t), in equation (1.2), represent the Kirchhoff-
Love model in the skins, while U° (x, t) represents the following models in the core: 
• Model6:n=l,fi(z)=z Mindlin model (Rao (Rao, 1978), Ghinet and 
Atalla (Ghinet, 2005)); 
• Model 7: n=l, fi(z)=z-4z3/(3hc2) Reddy model 
• Model 8: n=2, fi(z)=z, f2(z)=z3 enriched kinematics assumptions; 
A comparative study of all the models was carried out (Hu et al., 2005); it appears that the 
discrete displacement field models are more accurate than the global displacement field 
models. The latter are inaccurate for the modeling of soft cores. 
Concerning the discrete models, the Mindlin's model in the core (Rao) can be used for the 
modeling of the very soft core. The Mindlin model in the core and the enriched kinematics 
assumptions model give very good performances and practically the same results. For this 
reason, there is no need to enrich kinematics in the core in the discrete model. 
1.2.2 Finite element modeling of laminated steel 
The above authors have proposed analytical solutions which are only appropriate for simple 
structures, such as flat beams or plates with classical (academic) boundary conditions. In 
practice, it is often necessary to design damped structures with complicated geometry, 
complex loadings and non-uniform features, such as material discontinuities and boundary 
8 
conditions. Consequently, it is natural to consider the use of the finite element method (FEM). 
Several authors have developed finite element techniques to predict the performance of 
constrained-layer damped shell structures of general shapes. 
Two main strategies have been considered to model sandwich structures: building higher 
order shell models and connecting multiple elements. The main problem with the higher order 
element approach is that developing good shell elements is very difficult so that most 
developments for sandwiches will not perform as well as state of the art shell elements. The 
multiple element strategy is also the only available for immediate implementation into 
industrial FEM software. However, computationally expensive for real life application 
especially when used in physical coordinates. 
Johnson, Kienholz and Rogers (Johnson, 1980) and Soni (Soni, 1980) used three dimensional 
brick elements for their models. Johnson, Kienholz and Rogers (Johnson, 1980) used solid 
elements (HEXA8) for the viscoelastic core producing stiffness at three translational degrees 
of freedom per node, and quadrilateral thick shell elements (QUAD4) with offsets for the face 
sheets producing stiffness at five degrees of freedom per node. Recently, Plouin and Balmes 
(Plouin et Balmes, 1998) used the same approach. Both face sheets were modeled with 
classical shell element using 4 nodes and six degrees of freedom per node. The viscoelastic 
layer was modeled with solid element using eight nodes and three DOFs per node. This 
approach doubles the number of DOFs that would be used for a classical thick shell 
formulation, but the addition of DOFs is compensated by reduction techniques. 
Soni (Soni, 1980) used isoparametric thin shell elements (8 to 20 nodes) for the face sheets 
and fully compatible solid elements (HEXA8) for the viscoelastic core. In both papers, 
experimental data is presented, demonstrating these two methods on simple problems with 
good results. However, Mace (Mace, 1994) criticizes theses approaches as being too complex 
and too costly to use. He developed a model based on the sandwich beam theory. He directed 
his finite element analysis towards sandwich beams with only very thin viscoelastic layers. He 
has used five degrees of freedom per node. Good results were obtained compared to numerical 
methods. However, this model was found to be less accurate compared to the Johnson, 
Kienholz and Rogers method (Johnson, 1980). 
Baber and Maddox (Baber, 1998) have presented a finite element model that is derived in 
much the same manner as the Mace model. It allows for both thin and moderately thick 
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viscoelastic core and is accurate over a wide range of frequencies. However, this model 
contains 12 degrees of freedom per element, so it is costly to use. 
Other contributions in this area are by Zapfe and Lesieutre (Zapfe, 1999), Assaf (Assaf, 1991), 
Trindade (Trindade, 2000), E.Daya and MPotier-Feny (Daya et Potier-Ferry, 2002), QJ 
Zhang and Sainsbury (Sainsbury, 1999) (Galucio, 2004). The authors cited above, do not 
account for cases of unsymmetrical structures or curvature effects. 
Zapfe and Lesieutre have proposed a discrete finite element model for dynamical analysis of 
laminated beams. The element uses C° continuity, quadratic and linear interpolation for the 
transversal and in-plane displacement respectively, thus avoiding shear locking. Assaf 
developed a three-node triangular element for sandwich plates. Each node contains seven 
degrees of freedom: 2 in-plane displacements, 1 transversal displacement, 2 bending rotations 
and 2 shear rotations of the viscoelastic core. The effect of shearing in the skins is neglected. 
Assaf inspired Trindade to develop his finite element sandwich beam model. The element uses 
2 nodes and 4 degrees of freedom per node. Cubic and linear interpolations are used for both 
the transversal and in-plane displacements, respectively. A finite element sandwich shell with 
a thinner viscoelastic core has been proposed by E.Daya and M.Potier-Ferry. The element 
uses 8 degrees of freedom per node: 4 in-plane skin displacements, transversal displacement 
and 3 rotations. 
1.2.3 Modeling of frequency-dependent viscoelastic materials 
As seen previously, the viscoelastic material is often used to add damping to a structure to 
reduce vibration and noise. However, accurate mathematical modeling of structures with 
viscoelastic materials is difficult because the measured dynamic properties of viscoelastic 
material are frequency and temperature dependent and can depend on the type of deformation 
and amplitude. This motivated several authors to develop accurate methods of modeling the 
effects of viscoelastic damping mechanisms which introduce frequency dependence. 
The first approach is named "complex modulus" (DiTaranto, 1965; Mead, 1969). The 
viscoelastic materials are characterized by a complex frequency and temperature dependent 
complex modulus G as usual in linear viscoelasticity (Salencon et Halphen, 1983): 
G\a) = G'{a>) + iG"(a>) = G\co)[\ + irjG (©)] 
Where G'{co) is the "storage modulus" and TJG(CO) is the loss factor defined as follow: 
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This method dominated the literature until roughly 1981 when the modal strain energy method 
(Johnson, 1980), based on the above-referenced work by Ungar and Kerwin, became popular 
in industry. Using the modal strain energy (MSE) method, the modal loss factor for the 7th 
mode is: 
7 , = ^ (1-4) 
Where 77, is the loss factor associated with /,th element frequency of 7th mode, and U{ is the 
strain energy in Ith element for they"1 mode. This method assumes that the damped structures 
can be represented in terms of the normal modes of the undamped system. This method will 
produce incorrect results if the material properties of one or more components of the structure 
depend on the frequency. To make the approach suitable for such situations, an iterative 
method can be used and thus a significant savings in time can be achieved. However, this 
method is inaccurate for high damped structures. Lesieutre (Lesieutre, 1996) and Hughes 
(McTavish, 1993) proposed the so-called Anelastic Displacement Fields (ADF) and Golla-
Hughes-McTavish (GHM) models, which are based on the introduction of internal variables to 
account for viscoelastic relaxation and, thus, damping behavior. They were shown to be 
superior to the Modal Strain Energy (MSE), although they are more complex and much 
increases the system dimension, so that a modal reduction is required. Friswell and Inman 
(Friswell et Inman, 1998) proposed the use of an iterative version of the MSE method, in 
conjunction with a complex-based model reduction, as an alternative to internal variables 
approach. They also presented the effect of temperature variations of viscoelastic material on 
the control performance. Also to account for viscoelastic damping, Plouin and Balmes (Plouin 
et Balmes, 1998) proposed an augmented real-based modal reduction technique, however the 
system dimension is doubled. 
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1.3 Objective of the thesis 
As previously seen, the use of steel/viscoelastic/steel sandwich panels has motivated the 
development of accurate prediction methods for their vibration and acoustic indicators. 
Moreover, such theories may support the development of new damping materials, while 
strategies of low cost and weight are prioritized, along with maintenance of component 
stiffness and feasibility. The main objective of this thesis is to develop an accurate and reliable 
low-cost numerical tool that is capable of predicting the vibroacoustic response of sandwich 
structures containing viscoelastic materials with the following specifications: 
1. Develop a finite element model for damped sandwich beams and plates. The model should 
allow for both symmetrical and unsymmetrical configurations, should be accurately 
comparable to classical models and computationally efficient and must account for the 
curvature effect. Validation should be performed versus numerical, experimental results 
and previously published theories. 
2. Develop a modeling strategy to take into account the frequency dependence. 
3. Interface the developed elements with classical elements (quad4, tri3...) in order to model 
the structures with partial coverage treatment. 
4. Predict the acoustic and vibration performances. An in-house implementation of Boundary 
Elements (BEM) should be used to predict the sound radiation. Comparison with a 
commercial code should be conducted for validation. 
5. Validate the model under a series of experiments undertaken on rectangular panels. It 
consists of various configurations of sandwich panels in a coupled and uncoupled plate-
cavity system. Three vibroacoustic indicators will be measured: the input mobility, the 
mean quadratic velocity of the panel and the mean quadratic pressure in the cavity. 
6. Study the effect of different parameters of laminated steels to highlight the effects of skin 
and core properties on the vibration and radiation of such structures under both airborne 
and structure-borne excitations. 
7. Study the acoustic performance of steel and laminated steel panels with added sound 
package. 
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1.4 Document Structure 
The presentation is structured into seven chapters. In this first chapter, the context and 
problematic of the study were presented, followed by the literature review and the objectives 
of the present work. 
In chapter two, a finite element model for damped sandwich beams is introduced. It 
allows for both symmetrical and unsymmetrical configurations. The model is based on a 
discrete displacement approach and accounts for the curvature effect. The rotational influence 
of the transversal shearing in the core on the skins' behaviours, ensures displacement 
consistency over the interfaces between the viscoelastic core and the elastic skins; thus 
resulting in an accurate representation of the physics. Validation examples, consisting of 
sandwich structure with various geometrical and mechanical behaviours, have been conducted 
to demonstrate the validity and accuracy of the developed element to (i) estimate the modal 
resonances; (ii) the frequency response functions and (iii) the damping loss factors. 
Validations were performed versus both analytical and classical Finite elements models using 
MSC/NASTRAN® (Nastran). 
In chapter three, the dynamic characteristic of viscoelastic damping materials is 
presented and the different existing mathematical models are outlined. Classical 
representations of viscoelastic materials include the Maxwell model, the Kelvin-Voigt model, 
and the Zener model (Standard Solid Model). Our efforts focus on some of the modern models 
including: the Golla-Hughes-McTavish (GHM) method, the Anelastic Displacement Field 
(ADF) method and the Modal Strain Energy method (MSE). Finite element implementation of 
ADF, GFEV1 and MSE viscoelastic models is also presented. 
In chapter four, the developed beam element model is extended to the vibration of 
unsymmetrical damped sandwich plates. It concerns the development of two efficient finite 
element sandwich plates: refined rectangular and triangular elements having respectively four 
and three-corner nodes. Each node of both elements contains seven degrees of freedom. These 
are the transverse displacement W, the in-plane displacements U, V and four rotations \|/x, v|/y, 
9X, 9y. The element uses C° continuous linear and cubic polynomials to interpolate the in-
plane and transverse displacement field, respectively. The linear/cubic mix of interpolation 
functions is important because it eliminates shear locking in the element which manifests itself 
through excessive element stiffness as the element becomes long and thin (Prathap, 1982). 
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The formulation of the bending terms for the 3-noded triangular element is based on the same 
concept as the Discrete Kirchhooff triangular element (DKT) developed by Batoz and al. To 
enable the analysis with arbitrary orientation in three-dimensional space, two drilling degrees 
of freedom are added. A formulation with nine degrees of freedom per node is employed. The 
present sandwich element is easy to interface with classical elements. The element is 
compared with both experimental and classical FE modeling to prove its accuracy and 
computational efficiency. 
In chapter five, the developed model is validated by comparisons with a series of 
experiments on beams and plates and various configurations of sandwich panels in a coupled 
plate-cavity system. In the first series of tests, a free-free sandwich beam is excited at its 
center by a shaker. The shaker is driven by a pseudo-random signal and the tip motion of the 
beam is measured with a laser vibrometer. The center-beam's motion is measured using a 
miniature accelerometer. In the second series, a free-free plate excited at its center is 
considered. The plate is attached at its center to an electro-dynamic shaker, using a threaded 
rod. The shaker is driven by a pseudo-random signal and the plate's input mobility is 
measured using an impedance head. In the third series, in order to validate the developed 
elements in a vibroacoustic configuration closer to the case found in the automotive industry, 
a plate-cavity set-up was used. Three vibroacoustic indicators are measured: the input 
mobility, the mean quadratic velocity of the panel and the mean quadratic pressure in the 
cavity. The first two are related to the vibration performance of the panel and the third to its 
acoustic performance. The mean quadratic velocity of the plate is measured with a scanning 
Laser vibrometer using a mesh of 33 points, randomly distributed on the surface of the test 
panel. 
In chapter six, first, in order to study the effects of skin and core properties on the 
structure-borne performance of laminated steels, a numerical parameters study was performed 
using the developed element. Skin and core properties and layers' thickness effects on the 
radiation power, as well as quadratic velocity, are studied. The configuration consists of a 
baffled MPM plate radiating in free-space. Second, the performance of vibration (input 
mobility and space averaged quadratic velocity) comparison of steel versus laminated dash 
panels is presented. In addition, the performance of steel and laminated steel panels with 
added sound package is presented under both structure-borne and airborne excitation. 
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Finally, the seventh chapter concludes this work by an assessment of the main results, 
as well as future perspectives. 
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2 FINITE ELEMENT SANDWICH BEAM MODEL 
2.1 Introduction 
In this chapter, a new sandwich finite element model is introduced. It allows for both 
symmetrical and unsymmetrical configurations. The model is based on a discrete 
displacement approach and account for the curvature effect. The rotational influence of the 
transversal shearing in the core on the skins' behaviours, ensures a displacement consistency 
over the interfaces between the viscoelastic core and the elastic skins; thus resulting in an 
accurate representation of the physics. Validation examples, consisting of sandwich structures 
with various geometrical and mechanical behaviours, have been conducted to demonstrate the 
validity and accuracy of the developed element to (i) estimate the modal resonances; (ii) the 
frequency response functions and (iii) the damping loss factors. Validations were performed 
versus both analytical and classical Finite element models using MSC/NASTRAN® 
(Nastran). 
2.2 Theoretical formulation 
2.2.1 Kinematics of the model 
Figure 2.1 represents the geometrical characteristics of a sandwich beam of length L, width b 
and thickness h. The present model is based on the following assumptions: 
(i) The cross-section of each layer remains plane after deformation; (ii) The core contributes 
only by transversal shear stresses; (iii) Transversal shear stresses are neglected in the skins, 
but the rotational influence of the transversal shearing in the core on the skin's displacement 
field is accounted for; (iv) All layers are supposedly perfectly bonded; (v) the core and the 
skins are assumed incompressible through the thickness; Figure 2.2 illustrates the assumed 
Timoshenko-type displacement field in the core. 
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Figure 2.1 Geometry of the sandwich beam 
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Figure 2.2 Displacement field of the sandwich beam 
2.2.2 Displacement fields 
Following the above-mentioned assumptions, the displacement fields in the skins read: 
U](x,z,t) = Uw(x,t)-zdW{x'Z>t) +Q 
dx lx 
{Wx{x,z,t) = W{x,t) 
U3(x,z,t) = U30(x,t)-z 
W3(x,z,t) = W(x,t) 
dW(x,z,t) 
dx 
(2.1) 
+ C 
Constants Cix and C3X account for the rotational influence of the transversal shearing in the 
core. The Timoshenko model is used to describe the displacement field of the core. The 
17 
rotation effects of the transversal shearing in the core, as well as the bending of the panel, are 
described by the rotation jangles and the transversal displacement Wfollowing: 
[U2 (x, z, t) = U20 (x, t) + zyx (x, t) 
{W2(x,z,t) = W(x,t) 
Because of the assumed perfect bonding of the layers, the displacement field remains 
continuous throughout the interface between two consecutive layers. To impose this 
continuity, the following conditions are written: 
fUl(x,z2,t) = U2(x,z2,t) 
{U2(x,z3,t) = U3(x,z3,t) 
z2 and z3 are, respectively, the distance of the bottom and top surface of the core measured 
from the reference axis, as shown in Figure 2.1 (z2= -z3~ -I12/2 in the case of symmetrical 
sandwich). 
Solution of equation (2.3) leads to the following expressions for Ox and C3x: 
Clx=(U20-Ul0) + z2(^ + yx) 
ox 
c2x = (u20-u30)+z3(^+rx) 
(2.4) 
Using relations, (2.2) and (2.4), the displacements fields of each of the three layers are written 
as follows: 
dW TT TT 5 W 
OX 
U2=U20-z — + zryi dx 
W2=W 
TT TT d W U3=U20-Z-Z- + 23>^X OX (2.5) 
W3=W 
dW 
where the following substitution is used: y/x = \-yx 
dx 
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2.2.3 Displacements-strains relations 
Using expressions (2.5), and considering the hypothesis of plane stress state, the axial strain 
s^ of the i* layer and the shear strain y{2) of the core are expressed as follows: 
yy n 
(i=l,2,3) (2.6) 
e
{l> = 
yd)
 = 
! xz 
dx 
dU; dW 
dz dx 
By replacing the expressions of Ui (2.1), (2.2) in (2.6), we obtain 
g ( 0 = / ? ( 0 
xx rx 
byy ~ b n 
r?=Vx 
yd)
 = yd) 
i yz * xy 
-*z? 
= 0 
= 0 
(2.7) 
'=1,2,3 
Where the membrane strain /J£° and the curvature xf of the i"1 layer, and the shear strain of 
the core y^f, are defined by: 
( 2 ) = j D ( 2 ) 
I XZ UC 
Where: 
(2.8) 
> » = 
um 
) ( 2 ) = 
um 
><3> = 
um 
' d 
dx 
' d 
dx 
' d 
dx 
Zo 1 
0 
Zi 3 
a 
dx 
0 
d 
dx 
0 
0 
D(1) = 
D% = 
0 
0 
dx\ 
d d2 ' 
dx d *2_ (2.9) 
D(3) = 0 0 
dx2 
D™=[0 1 0] 
"=[^02 ^ » t (2.10) 
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2.2.4 Stress - strains relations 
From the strain field obtained previously and by adopting the assumption of plane constraints 
(<rzz = 0), the stress field in the beam, according to Hooke's generalized law, is written: 
CT(0 = £(0g(0 
" - (i=l,2,3) (2.11) 
\cr. (2) _ QWyV) 
With: 
EM : Young's modulus in the i* layer 
G(2) : Shear modulus in the core layer 
o^ : Normal stress in the ith layer 
Y™ • Transversal shear stress in the core layer 
In the case of viscoelastic materials, the Young's and shear modulus are complex. 
2.2.5 Strain energy 
By taking account of the previously mentioned law of behaviour, and remaining within the 
framework of linear elasticity, the internal strain energy of the beam is written as: 
U = \\(^S^
 + C^Y^ (2-12) 
v 
U-hj(s^E^
 + Y^TG^Y^)dA (i=l,3) (2.13) 
1
 A 
Where b is the width of the beam and A the surface of its cross-section. 
The total strain energy of the beam can be written as the sum of strain energies of each layer 
of the sandwich beam; in addition the energy of each layer can be written in terms of 
contributions from membrane, bending, membrane-bending coupling and shear effects: 
U = i{u"+U?+U%+U?) (2.14) 
1=1 
The contribution of membrane effects to strain energy is given by: 
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2
 i 
2
 A 
The contribution of bending effects is given by: 
Uf=\b\%fE«%?z*dA 
3 ^DfE^ u dx 
(2.15) 
= I 6 ( ^ - 2 ? ) f . . T ; 
(2.16) 
The contribution of membrane-bending effects is given by: 
U% =-\bj(/3^E^Z^+%i')TE^^dA) dA 
= -\b^^\^D^E^D^uWDfE^Dlu dA) dx 
The contribution of shear effects is limited to the core and is given by: 
U?=-bK\y^G^dA 
2
 A 
^b^D^G^Difudx 
(2.17) 
(2.18) 
Using the above expressions, the following expression is obtained for the strain energy of the 
sandwich beam: 
3 
U = t-b[(h uTmT&»D®u 
j / ^ ** J \ * um um 
+ 
+ 
+ 
' i l _ i l uTDyTE(,Wu 
V V 
v 
f .2 2\ 
( -2 2\ 
"
TD^E(iWu 
um uj 
u
TD$TE«DL» 
(2.19) 
+h2 uTD^G^D^>u )dx 
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2.2.6 Kinetic energy 
The kinetic energy of the beam is written as follows: 
T = \tp.b\{U1TUI+WTWi)dA (2.20) 
Where /?, is the density of the i"1 layer and yJ^WA the velocity components of a point 
belonging to the i"1 layer. 
The displacement field (2.5) is first written in the following matrix format: 
(2.21) ~
UI] 
u2 
-
U3. 
— 
1 
1 
1 
Z ? 
z 
z 
z?. i 
d' 
-z— dx 
d 
-z— 
dx 
8 
-z— dx_ 
'u02 
Vx 
w 
Or: 
^ 1 
U2 
1 z2 0 
1 0 0 
1 z3 0 
U02 
Wx 
w 
0 0 + 
0 -1 + 
d_ 
dx 
d_ 
dx 
0 0 + — 
dx 
wx 
w 
U = (Tt-zTr)u 
With: 
U = 
~u; 
u2 
-
Ul_ 
• T = T(2) • T = 
r 
T(2) 
r 
r 
The expression of the kinetic energy (2.20) becomes: 
T
 = ~ Z PM "T [ W - z(Tr(')TT^ + lfTT^) + z2Tr0)TTr0) + Z f T f ] « <*A 
(2.22) 
(2.23) 
(2.24) 
(2.25) 
Finally, integration along the Z direction, leads to the expression of the kinetic energy in terms 
of the formulation variables: 
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r " j t 
<=1 I 
J*J^" 
+b 
j 
'£.~*P 
(Or „ T ( 0 rv;; (2.26) 
r ri r 
V - J 
(Or ^ ^(01 
! Z +bhiT?)T PiTzi0)dxu 
2.2.7 Work of external forces 
Consider loads uniformly distributed (fi) in each layer. The associated work is defined by: 
^ = I K T A (2.27) 
2.3 Finite element formulation 
The finite element formulation of the elastic three layers sandwich beam is described in this 
section. The proposed element has two nodes and four degrees of freedom per node (Figure 
2.3). The generalized displacements u = [U02 y/x W] are discretized with Lagrange linear 
shape functions for the displacement and rotation, U02 and if/x, and Hermit cubic shape 
functions for the transverse displacement W . The linear/cubic mix of interpolation functions 
is important because it eliminates shear locking in the element. 
The generalized displacements u are related to the elementary degrees of freedom vector 
Qe = {ui'W\>w\>wl>u2'V/2'w2'wi) by u = N qe, where the interpolation matrix N is defined as 
follows: 
N, 0 
N = \ 0 
0 
N, 
0 
0 
0 
0 
N, 0 
0 JV, NA 
0 
0 
JV, 
0 
0 
0 
0 (2.28) 
0 N< NA 
With: 
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N, = 1 
L 
N =± 
2
 L 
N3=l-3 
' ^
a 
v4y 
+ 2 ' ^
3 
JV4 = JC-2JC \-x 
v4y 
(2.29) 
r \ 
N5=3 
f ,.\ 
\LeJ 
r .. ^  
J V 6 = * 
v4y 
- J C 
v4y 
Where: 
Le is the length of the element. 
The vector of the elementary degrees of freedom qe is composed of eight mechanical dof as 
shown in Figure 2.3. 
Figure 2.3 Sandwich beam element with 8 dof 
2.3.1 Element stiffness matrix 
By replacing U and N by their expressions in the equation (2.19), we obtain: 
i=l l L 
+ 
+ 
+ 
<V -Z 3 ' 
f -2 _2 A 
^ T 2 ^ 2 "N z •, — z 1+1 1 
q^D^^D^ N qe 
iJ^D^E^D^N q, 
qeTNTD^E«DlN qe 
+h2 qeTNTD^G^D^Nqe )dx 
(2.30) 
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Moreover, the strain operators are written in terms of their membrane, bending and shear 
components: 
# ° = ^ ; Z ? ^ * ; P?=D%N 
^
)=[N; Z2N[ 0 0 N'2 z2N'2 0 0] 
/3™ = [N{ o o o JV; o o o] 
PT=[K h*l 0 0 N'2 z3N'2 0 0] 
Pf =[0 0 N" N" 0 0 N; N"6] 
?}2)=[0 N[ N"3 N; o N2 N; N;] 
pf = [o o N; N; o o TV5" #•] 
/?c(2)=[o JV, 0 0 0 N2 0 0] 
Using the above the expressions in (2.30), we obtain: 
2 
+b\ 
+b 
+b 
<=1 L 
_ 3 _ 3 " 
1V . 2 \ 
'*»-*! 
J 
-2\ 
PfE^pf 
f^&ff? 
P?TE"(% 
(2.31) 
(2.32) 
+bh2 pfTG™pf )dxqe 
Thus, the strain energy U calculated on an element, is written in following matrix form: 
U = ±qTtKtq, (2.33) 
With: 
25 
*.=XJ bh, fi> E"J3, ar c-a) n(o 
i=l L 
v membrane 
+¥¥^ pfE(i)(5(p 
bending 
f -2 _2\ fafEVW+W7 £<'>/%>) 
(2.34) 
+ bh2 ft> &<>p\ 
memb rane-bending 
(i)' rJ2> /*<*> 
shear 
dx 
Where: 
Ke : Total element stiffness matrix of the faces and the core, decomposed into a membrane, 
bending, coupling membrane-bending and shear term (see annex). 
2.3.2 Element mass matrix 
By replacing U and N by their expressions in the equation (2.26), we obtain: 
'=1 L 
(z2 -z2^ 
J 
f _2 _2\ 
rfT^p^N (2.35) 
f -3 _3 "\ 
+b 
3 J 
+bhiNTT2(,)TpiTz(i)N)dxqe 
Let us pose: N„=TtN; Nn=TrN; NZ=TZN 
Where the interpolation vectors related to axial displacements Nx, transverse displacements 
Nz and rotations Nr for faces and core are defined as: 
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NX,=[N{ 0 0 z2Nx N2 0 0 z2N2] 
Nx2=[N, 0 0 0 N2 0 0 0] 
Nx3 = [N, 0 0 z3Nx N2 0 0 z3N2] 
Nrl=[0 0 N^ N'4 0 0 N'5 N'6] 
Nr2=[0 -N2 N'3 N'A 0 -N2 N'5 Nfi 
Nr3=[0 0 N^ N'4 0 0 N'5 N'6] 
N2=[0 0 # 3 N4 0 0 N3 N4] 
By replacing the expressions above in (2.35), we obtain: 
(2.36) 
1 . 3 T
 = WH\((bh,) KP,*. 
-b ^iz5 
2 \ 
-b 
+b 
r _2 _2\ 
r.3 3\ 
(^pNJ 
(KptNn) (2.37) 
+ (bh,) NTzNzdx)dxqe 
Thus, the kinetic energy T calculated on an element, is written in following matrix form: 
T = \qlMeqe 
With: 
(2.38) 
M^tjibh, ) NTap,Nx 
i=i
 L --
translation inertia in x 
'<, \"lp,Na) + (Nl,p,Nj) 
coupling translation-rotation 
+ b 
rzL-z3^ 
(2.39) 
V 
NTp.Nr 
J 
rotational inertia arround y 
•(bht) NTzNzdx)dx 
translation inertia in z 
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Where: 
Me: Total element mass matrix of the faces and the core, decomposed into inertia terms of 
translation in x and z direction and rotation around y, as well as coupling terms of translation-
rotation (see annex). 
2.3.3 Element load vector 
According to (2.27), the external load work is given as: 
' • = 1 x 
In addition: 
W =aTF 
" ext Ve L e 
Where: 
Fe is the element vector of generalized distributed mechanical nodal forces 
2.3.4 Curved sandwich beam 
To account for the curvature of the beam, planar elements are used. For this purpose, five 
degrees of freedom (y,ii/y,ii/z,wy,w'z) are added. This results in a nine dof per node 
element(u,v,w,y/x,y/ \f/2,xv'x,w'y,wz). Rank deficiency and ill-conditioning problems occur 
when adjacent elements are coplanar. This problem results from the zero stiffness associated 
with the added degrees of freedom(y,if/ ,i//2,w',w'z). To stabilize the assembly, a fictitious 
stiffness is classically added. In the present finite element, the formulation proposed by Batoz 
and Dhatt (Batoz et Dhatt, 1992b) is used to calculate identical fictitious stiffness matrices 
[.Kj;[^];[A^z];[.K^];[A:02] relative to each of the drilling degrees of freedom 
(v,y/y,if/z,w'y,w'z) respectively. 
The fictitious stiffness is calculated as follow: 
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(2.40) 
(2.41) 
(2.42) 
'K^ya^bh^E^^dx 
i=l L 
/32(x,y) = [Nl N$ 
a is a scaling factor: a«10~4. 
(2.43) 
(2.44) 
2.3.4.1 Assembling in the global coordinate 
The three dimensional structure is described in a global Cartesian coordinate system (X,Y,Z) 
and the stiffness and mass matrices of each element are computed in a local Cartesian 
coordinate system (x,y,z) coplanar with the straight element. 
Figure 2.4 Global and local coordinate 
The displacements and rotations (U, V, W, 6X, Oy, Oz, if/x, WY, l/Jz) in the global coordinate (X, 
Y, Z) are expressed in the local coordinate by: 
u 
V 
w 
• = [Qf 
V 
V 
W 
> * 
V 
0y 
A. 
= [Q)T-
ex 
0Y 
Pz. 
s • 
> 
Vy 
.v*. 
= [Qf 
Vx 
H>Y 
y/z 
(2.45) 
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[fif= ; [Q]~l=[Q]T 
Where the components of [Q] are defined in section 2.3.4.2. 
The element nodal variables in the local coordinate are: 
kHTfW glob 
Where 
( " « L 4 = ( - i C / * ^ Wi °xi °n &zi Vxi Wn Wz,'- i = l,2-) 
(2.46) 
(2.47) 
(2.48) 
[T} = 
36x36 
\A] [0] [0] [0]' 
[0] [A] [0] [0] 
[0] [0] [A] [0] 
[0] [0] [0] [A] 
(2.49) 
[Qf [o] [o] 
[A}= [0] [Qf [0] (2.50) 
9X9
 [[o] [o] [Qf 
Before matrix assembly, the element matrices, defined in the local coordinate system, are 
transformed into the global coordinate system using the coordinate transformation matrix [T]. 
[KU=[Tf[K][T] 
Mglob=[Tf[M][T] 
{F}glob=[TY{F} 
(2.51) 
(2.52) 
(2.53) 
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2.3.4.2 Transformation matrix [Q] 
Consider a typical straight element beam in a local coordinate system (x,y,z). 
The transformation matrix [Q] is defined by knowing the coordinates (X,Y,Z) of nodes 1 and 
2, and knowing the quantity which define the position of the principal inertial plans y and z. 
One approach widely used in most program consists in defining the rotation a of each 
element as the angle between the two unit vectors N and n. The vector N is situated in 
plane A (formed by x and Y axis) and plane yz (orthogonal to x) as shown in Figure 2.5. 
<x={yA>y)=(M,n) 
Figure 2.5 Plane A (yA, zA) and angle oc 
One can write: 
X" 
Y 
Z 
• = [Q\ 
X 
y 
z 
(2.54) 
r 
Y 
Z 
-[QAI 
XA 
yA -
ZA. 
(2.55) 
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XA 
<yA 
ZA; 
With 
= [*]< 
X 
y 
z 
I J 
wun. 
[QHQM 
[QAT = 
m. 
(t) = (a b c) = j(X2X 721 Z21); L2 = X221 + Y2 +Z 
t A J 
N' = ———; (zA is orthogonal to x and Y). 
N = N'/\t_; (yA is orthogonal to zA and x). 
-ab -c 
[QA = 
fa 
b yfa1 
2+c2 4aT7cI 
be 
0 
a 
4aT7c2 y[aT77 
[</] 
1 0 0 
0 cosa - s ina 
0 sin or cos a 
(2.56) 
(2.57) 
(2.58) 
(2.59) 
(2.60) 
(2.61) 
(2.62) 
(2.63) 
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x>Yt 
* X 
~
=J
~ ~
=
~j 
Figure 2.6 Coordinate system for x parallel to Y 
When the axis x is parallel to Y, [Q] is defined as follow: 
0 sin y/ cos y/ 
M t = j [<?] = . 1 0 0 
0 cosy/ -sini// 
0 sin y/ cos y/ 
- 1 0 0 
0 - cos y/ sin y/ 
[Q} = 
With: ys = (i,n') = (X,z) 
if l = -j 
(2.64) 
(2.65) 
2.4 Numerical results and validation 
This section presents validation cases for the presented sandwich beam element (referred to as 
FES). Tests cases consist of experimental, analytical and finite element results taken from the 
literature. This section is divided into three subsections: 
The first part presents the computation results of the modal resonances for various boundary 
conditions. The studied sandwich beams have various properties and relative thicknesses 
«faces/core ». 
The second part presents the validation results of the Frequency response functions of a 
sandwich beam consisting of steel skins and a polymer core. Input mobility and mechanical 
impedance are computed for cantilever and free-free boundary condition configurations for 
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both symmetrical and unsymmetrical beams and compared to a full solid modeling using 
MSC/NASTRAN. 
The third part discusses validation cases involving computation of the equivalent damping 
loss factor for sandwich beams. 
2.4.1 Modal analysis validation cases 
• Free-free beam 
The first modes of the free-free beam (represented in Figure 2.7) computed by the present 
element (FES) is compared to Experimental data (referred to as Fexp) given by Assaf (Assaf, 
1991). 
The physical properties of the materials used in the following studies are presented in Table 
2.1. 
y/// 
Figure 2.7 : Beam's boundary conditions (free-free) 
Table 2.1: Material characteristics 
Characteristics 
E(106N/m2) 
Rho (Kg/m3) 
Poisson 
G(106N/m2) 
Skin 
Width (mm) 
2.15 
65200 
2665 
0.31 
24885 
4.25 
66300 
2665 
0.31 
25305 
10.20 
62000 
2665 
0.31 
23664 
Core 
Araldite 
3610 
1164 
0.325 
1362 
Polystyrene 
Foam 
21.5 
28.46 
0.4 
7.68 
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The results are given in the following tables for several geometrical parameters; the reference 
results (experimental) and the developed element results. Finally, the reported error is defined 
by: 
Error -100 
rFexp-EFS^ 
Fexp 
L = 754 mm; hl=h3=2.15 mm; h2=36 mm; core=Araldite 
Mode 
1 
2 
3 
4 
Fexp 
[Hz] 
285 
1330 
2720 
4200 
FES 
[HZ] 
284 
1328 
2720 
4202 
Error 
(%) 
0.35 
0.15 
0 
-0.04 
L = 350 mm; hl=h3=2.15 mm; h2=36 mm; core=Araldite 
Mode 
1 
2 
3 
4 
Fexp 
[Hz] 
1211 
4370 
7600 
10210 
FES 
[HZ] 
1204 
4341 
7533 
10553 
Error 
(%) 
0.57 
0,66 
0,88 
-3,35 
L = 745 mm; hl=h3=4.25 mm; h2=32.5 mm; core=Araldite 
Mode 
1 
2 
3 
4 
Fexp 
[Hz] 
354 
1550 
3000 
4440 
FES 
[HZ] 
354 
1545 
2985 
4440 
Error 
(%) 
0 
0,32 
0,5 
0 
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L = 450 mm; hl=h3=4.25 mm; h2=32.5 mm; core=Araldite 
Mode 
1 
2 
3 
4 
Fexp 
[Hz] 
911 
3300 
5790 
8200 
FES 
[HZ] 
906 
3272 
5707 
8110 
Error 
(%) 
0,54 
0,84 
1,43 
1,09 
L = 633 mm; hl=h3=10.2 mm; h2=18.9 mm; core=Araldite 
Mode 
1 
2 
3 
4 
Fexp 
[Hz] 
508 
2015 
3760 
5630 
FES 
[HZ] 
503 
2036 
3818 
5732 
Error 
(%) 
0,98 
-1,04 
-1,54 
-1,81 
L = 392 mm; hl=h3=10.2 mm; h2=18.9 mm; core=Araldite 
Mode 
1 
2 
3 
Fexp 
[Hz] 
1209 
4030 
7050 
FES 
[HZ] 
1200 
4062 
7267 
Error 
(%) 
0,74 
-0,79 
-3,07 
L = 1080 mm; hl=h3=2.15 mm; h2=80.2 mm; core= Polystyrene Foam 
Mode 
1 
2 
3 
4 
Fexp 
[Hz] 
189 
399 
607 
820 
FES 
[HZ] 
190 
401 
614 
836 
Error 
(%) 
-0,52 
-0,50 
-1,15 
-1,95 
36 
L = 900 mm; hl=h3=2.15 mm; h2=80.2 mm; core= Polystyrene Foam 
Mode 
1 
2 
3 
Fexp 
[Hz] 
231 
482 
734 
FES 
[HZ] 
233 
485 
746 
Error 
(%) 
-0,86 
-0,62 
-1,63 
The presented results clearly demonstrate that the frequencies calculated by the present model 
are in accordance with experimental results for various properties and/or relative thicknesses 
«faces/core ». 
• Simply supported sandwich beam 
The second set of validation examples considers the modal analysis of simply-supported 
symmetric sandwich beam (Figure 2.8). Two beams are considered. The first beam has thin 
faces and a very soft thick core. Face sheets are made of aluminum alloy and the core is made 
of a polymer foam material. The properties of materials used and the geometry of this beam 
are given in Table 2.2. The second beam has thicker face sheets and a stiffer core. The 
properties for this beam are given in Table 2.3). 
The eigenvalues of the simply supported sandwich beam (represented in Figure 2.8) were 
computed by the present element and compared to analytical results (Reissner) cited in 
reference (Fages et Verchery, 1986). 
y//A 
i 
b 
Figure 2.8 : Simply supported sandwich beam 
& S77777T, 
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Table 2.2: Material characteristics 
Mechanical Properties 
E(106N/m') 
Rho (Kg/mJ) 
Poisson 
skins 
71000 
2700 
0.315 
Core 
22 
40 
0.315 
L= 1080 mm; b = 100 m; hl=h3= 2.15 mm; h2= 80.2 mm 
Mode 
n 
1 
2 
3 
4 
5 
Reissner 
Anal. 
93.9 
198 
301 
402 
504 
FES 
94 
199 
303 
407 
513 
Error (%) 
-0,11 
-0,51 
-0,66 
-1,24 
-1,79 
Table 2.3: Material characteristics 
Mechanical Properties 
E (106 N/m2) 
Rho (Kg/m3) 
nu 
Skins 
71000 
2700 
0.315 
Core 
3900 
1250 
0.315 
L= 633 mm; b = 100 mm; hl=h3= 10.2 mm; h2= 18.9 mm 
Mode 
n 
1 
2 
3 
4 
5 
Reissner (SS) 
Anal. 
237 
830 
1584 
2385 
3193 
FES 
237 
833 
1604 
2451 
3342 
Error (%) 
0,00 
-0,36 
-1,26 
-2,77 
-4,67 
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Again, the results presented in the above two tables show that frequencies calculated by the 
present model and Reissner's analytical method are in compliance. 
• Symmetric sandwich cantilever with thin damping layer 
A symmetric sandwich cantilever having stiff elastic isotropic face sheets made of aluminum 
alloy and a thin soft core made of isotropic polymer material with high damping is considered 
(Figure 2.9). 
The material properties and geometric parameters of the layers are given in Table 2.4. 
The first resonances of the cantilever beam were computed by the present element and 
compared to calculations given by (Rao, 1978) and a MSC/NASTRAN model (using solid 
elements). 
§ W/. 
U-
h3 
hi 
Figure 2.9 : Sandwich cantilever beam with thin damping layer 
Table 2.4 Material characteristics 
Mechanical Properties 
E(106N/m2) 
Rho (Kg/m3) 
nu 
Skins 
69000 
2800 
0.3 
L= 178 mm; b = 25.4 mm; hl=h3= 1.52 n 
Mode 
1 
2 
3 
4 
5 
Rao 
fn(Hz) 
64.1 
296.4 
743 
1393 
2261 
Nastran 
fn(Hz) 
64.02 
295.8 
743.44 
1395 
2267 
Error (%) 
0,12 
0,20 
-0,06 
-0,14 
-0,27 
Core 
2.1 
970 
0.499 
im; h2= 0.127 mm 
FES 
f„(Hz) 
64 
294 
738 
1383 
2244 
Error (%) 
0,16 
0,81 
0,67 
0,72 
0,75 
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Again, the results show that frequencies calculated by Rao's method and the finite elements 
software (MSC/NASTRAN®) are in good agreement with the results obtained by the present 
model. The results of Rao's method are however closer to Nastran's results. 
2.4.2 Frequency response validations 
Examples of comparisons to experimental and finite elements results are presented and 
discussed in this section. Input mobility and mechanical impedance are computed for 
cantilever and free-free boundary condition configurations. The physical properties of the 
materials used in the following studies are presented in Table 2.5 and Table 2.6. 
W/ 
r 
Figure 2.10 : Forced response of a cantilever beam 
Table 2.5 Beam's configurations and the material properties used for the numerical validation. 
Case#l Aluminum Beam: Lx=177.8mm; Ly=10mm; h=5mm. 
E(Pa) 
p (kg/m3) 
7.1xl010 
2700 
G(Pa) 
il 
2.67xl010 
0.01 
Case#2 Sandwich: Lx=177.8mm; Ly=9mm; hl=h3=0.45mm; h2=0.1mm 
El= E3 (Pa) 
G1=G3 (Pa) 
pl=p3 (kg/m3) 
Hl=i|3 
2.1 xlO1 1 
8.0769 xlO1 0 
7800 
0.01 
E2 = 1.5xl06(Pa) 
nu2 
p2 (kg/m3) 
n2 
0.499 
1102.644 
0.01 
Case#3 Sandwich: Lx=177.8mm; Ly=9mm; hl=h3=6.35mm; h2=0.1mm 
El= E3 (Pa) 
G1=G3 (Pa) 
p l= p3 (kg/m3) 
tjl=ii3 
2.1 xlO1 1 
8.0769 xlO1 0 
7800 
0.01 
E2 = 1.5xl06(Pa) 
nu2 
p2 (kg/m3) 
H2 
0.499 
1102.644 
0.01 
Case#4 Sandwich: Lx=177.8mm; Ly=9mm; hl=0.79mm; h2=0.051 mm; h3=1.47mm 
El= E3 (Pa) 
G1=G3 (Pa) 
p l= p3 (kg/m3) 
ijl=i|3 
2.1 xlO1 1 
8.0769 x 1010 
7800 
0.01 
E 2 = 1 . 5 x l 0 6 ( P a ) 
nu2 
p2 (kg/m3) 
1,2 
0.499 
1102.644 
0.01 
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• Isotropic thick beam 
The accuracy of accounting for bending and transversal shearing behaviours is verified for a 
one-layer isotropic beam case. Figure 2.11 presents comparisons between two modeling 
approaches for a thick undamped aluminum beam (Case#l). The input mobility is computed 
by the present finite element approach and MSC/NASTRAN in cantilever boundary 
conditions. Solid elements are used to model the beam in MSC/NASTRAN. The two 
approaches give similar results e.g. the first four resonant frequencies, the resonant amplitudes 
and peak values are similar. It is concluded that bending and transversal shear behaviours are 
accurately estimated by the present model. 
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Figure 2.11: Input mobility (dB) of an aluminum beam. Numerical validation: MSC Nastran 
vs. developed sandwich FE 
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• Undamped sandwich beams 
An undamped sandwich beam (Case#2) in cantilever boundary conditions is considered. 
Figure 2.12 presents comparisons between the present finite element approach and 
MSC/NASTRAN. The Nastran model uses solid finite elements for each layer. Nodal 
clamped conditions at x=0 end were applied to both the skins and the core. Good correlation is 
observed between the present finite element model and MSC/NASTRAN results. 
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Figure 2.12 : Input mobility (dB) of a sandwich beam. Numerical validation: MSC Nastran vs. 
developed sandwich FE 
• Thick damped sandwich beam 
A damped sandwich beam with thick skin beams is investigated next. The input mobility is 
computed by the present finite element model and compared to MSC/NASTRAN. Figure 2.13 
presents the comparison between the two models for Case #3. Excellent correlation e is again 
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observed. The resonance frequencies and the resonance amplitudes of the first two modes are 
accurately estimated. 
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Figure 2.13 : Input mobility (dB) of a sandwich beam. Numerical validation: MSC Nastran vs. 
developed sandwich FE 
• Asymmetrical undamped sandwich beam 
The case of an asymmetrical sandwich beam is considered in the following example. The 
properties of the cantilever beam are presented in Table 2.1 (Case#4). Figure 2.13 presents the 
comparison between the present finite element model and MSC/NASTRAN. Excellent 
correlation is again observed. The resonance frequencies and the resonance amplitudes of the 
first two modes are accurately estimated. 
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Figure 2.14 : Input mobility (dB) of an asymmetrical sandwich beam. Numerical validation: 
MSC Nastran vs. developed sandwich FE 
• Thin and thick damped sandwich beams 
Two damped sandwich beams with thick skins are investigated in the following. The driving 
point mechanical impedance is computed by the present finite element approach (FES) and 
compared to experimental results presented by Sun and Lu (Sun et Lu, 1995). 
The first study considers the response of a free-free beam presented in Table 2.6-Case#l, with 
a thin and relatively high damping viscoelastic core layer. The beam is excited with a 
harmonic point load at mid-span (see Figure 2.15). The shear modulus of the viscoelastic core, 
as well as the damping coefficients, are frequency dependent (see Table 2.6-Case#l). 
The experimental (Sun et Lu, 1995) and the numerical (FES) results are compared in Figure 
2.16. This figure presents the driving point mechanical impedance modulus versus frequency. 
It shows that the results from the proposed model are in excellent compliance with those of 
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Sun and Lu (Sun et Lu, 1995). The resonance frequencies and the resonance amplitudes of the 
first four modes are accurately estimated. 
Z * 
L 
y//A 
b 
h3 
h2 
hi 
Figure 2.15 : Free-free beam with constrained viscoelastic damping 
Table 2.6 Beam configurations and material properties used for the numerical validation. 
Case#l Sandwich Beam: L =0.61456m; L =0.0254m; h = h =6.35mm; h =0.1mm 
x y ' 1 3 ' 2 
E ! =E 3 (Pa) 
G=G 3 (Pa ) 
3 
PrPjOig/m) 
\=% 
n 
2.1x10 
8.0769x10 
7800 
0.01 
0.5791n(fH-1.136 0.6011n(f)+1.144 
G'=6895xe (Pa); G"=6895xe 
(Pa) 
G2(Pa) 
P2 (kg/m ) 
^ 2 
(0.6011n(f)+1.144)x6895 (Pa) 
1102.644 
G ' /G" 
Case#2 Sandwich Beam: L =0.46038m; L =0.05108m; h = h =h =6.35mm. 
x y ' 1 2 3 
E1=E3(Pa) 
G1=G3(Pa) 
P1=P3(kg/m) 
%=% 
n 
2.1x10 
8.0769x10 
7800 
0.01 
0.0261n(f>f4.754 0.171n(f>f 2.705 
G'=6895xe (Pa); G"=6895xe 
(Pa) 
G2(Pa) 
p 2 (kg/m) 
^ 2 
(0.171n(f)+2.705)x6895(Pa) 
1000.62 
G 7 G " 
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101 102 103 
Frequency [Hz] 
Figure 2.16 : Driving point mechanical impedance of a sandwich beam (Sun and Lu (Sun et 
Lu, 1995), Fig. 4.3, Pag. 173). Experimental validation: (—) finite element sandwich; (oo) 
Experimental. 
The second study compares the response predicted by the present model (FES) with the 
experimental data from Sun and Lu for a beam with moderately thick and low loss factor 
viscoelastic core. The physical properties of the materials used are given in Table 2.6-Case#2. 
Free-free boundary conditions are considered and the beam is excited by a harmonic point 
force at mid-span (see Figure 2.15). Comparison of the driving point impedance predicted by 
the present model and experimental results is shown in Figure 2.17. Observations show that 
the two results are again in excellent compliance for the first three modes. The discrepancies 
observed above 1000 Hz were also reported by Sun and Lu and may be due to the tests (Sun et 
Lu, 1995). 
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Frequency [Hz] 
Figure 2.17 : Driving point mechanical impedance of a sandwich beam (Sun and Lu (Sun et 
Lu, 1995), Fig. 4.4, Pag. 174). Experimental validation: (—) finite element sandwich; (oo) 
Experimental. 
2.4.3 Equivalent loss factor estimation validation cases 
• Constrained layer damping treatment 
This example consists of computing the flexural structural loss factor for a three-layer 
configuration (constrained layer damping treatment) with clamped free boundary conditions. 
This example has been presented by Kerwin (Kerwin, 1959) and used later by Shorter 
(Shorter, 2004) to validate his spectral finite elements approach. 
Three cases with different thicknesses of the constraining layer were studied. The structural 
loss factors associated with the flexural wave-type of the laminate beam are calculated using 
the developed FE element and compared to the results presented by Shorter and the General 
laminate Model (Ghinet, 2005) (referred to by GLM). The present model uses the iterative 
modal strain energy approach to compute the equivalent damping. The loss factor is computed 
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mode by mode and the result begin at the first mode which is at 47Hz. Results are given in 
Figure 2.18. An excellent agreement is observed. 
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Figure 2.18: Damping loss factor of a beam with constrained layer damping treatment. 
Results are plotted for three thicknesses of the constraining layer, using the present finite 
element model (-), discrete laminate approach (Ghinet, 2005) ( ) and a spectral finite 
element model (Shorter, 2004) ( ). 
• Symmetrical Sandwich beam with viscoelastic core 
A uniform symmetrical three-layer damped sandwich beam with clamped-free boundary 
conditions is considered next (Figure 2.10). This example consists of computing the flexural 
structural loss factor for a symmetrical sandwich beam with viscoelastic core. 
The physical properties of the materials used in the following studies are presented in Table 
2.7. 
48 
Table 2.7 Beam configurations and material properties used for the numerical validation. 
Case#l Sandwich Beam: Lx=0.2246m; Ly=0.0125m; hl=h3=0.453mm; h2=0.035mm 
El= E3 (Pa) 
G1=G3 (Pa) 
pl= p3 (kg/m3) 
H 1=IJ3 
2.1x1011 
8.0769x1010 
7850 
0. 
G2=5.29xl06(Pa) 
nu2 
p2 (kg/iiri) 
il2 
0.49 
1000 
0.5 
Case#2 Sandwich Beam: Lx=0.1778m; Ly=0.0127m; hl=h3=1.52mm; h2=0.127mm 
El= E3 (Pa) 
Nul= nu3 
pl= p3 (kg/m3) 
til=n3 
7.037x1010 
0.3 
2770 
0. 
G2=7.037xl05(Pa) 
nu2 
p2 (kg/m3) 
1,2 
0.49 
970 
0.3 
As a first example (case#l), the structural loss factors of the cantilever sandwich beam 
(represented in Figure 2.3) were computed by the present model for each mode using modal 
strain energy (referred to as FES MSE) and using complex mode approach (Eq.(1.3)) (referred 
to as FES CM), and compared to: 
• RKU: classical theory of thin sandwich beams (Ross et al., 1959). 
• GLM: General discrete laminate theory (Ghinet, 2005). The equivalent damping 
loss factor is computed using the strain energy associated to flexural waves 
propagating in the beam at each frequency of interest 
• FEM: Nastran. The equivalent modal damping loss factor is computed using modal 
strain energy. 
The results are given in Figure 2.19. Excellent agreement is observed. 
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Figure 2.19 : Damping loss factor of a cantilever sandwich beam with viscoelastic core 
computed by different approach 
Next (case #2), a uniform symmetrical three-layer damped sandwich beam with clamped-free 
boundary conditions is considered. The beam has elastic isotropic face sheets made of 
aluminum and a thin soft core made of an isotropic polymer material with high damping. This 
sandwich beam has been analyzed by a number of authors using various methods (Kerwin, 
1959; Ross et al., 1959; Soni, 1980). 
In the following simulations, the beam was divided into 22 elements with 92 active degrees of 
freedom. The natural frequencies and structural loss factors of the beam are presented for the 
first six modes in Table 2.8. The present model, using the complex mode approach, is 
compared to analytical results (Soni, 1980) (Using a sixth-order differential equation method) 
and to classical finite element modeling using MSC/NASTRAN with cquad8 shell elements 
for the skins and Hexa8 solid elements for the core. In the latter, each layer is meshed using 
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22 elements, leading to 184 nodes and 440 active degrees of freedom in the model. Using 
analytical results as a baseline, it can be seen that the present finite element sandwich beam is 
more accurate than NASTRAN for the same number of elements, despite the fact that the 
NASTRAN model has many more degrees of freedom. Moreover, a substantial savings in 
computation time is achieved (8 seconds compared to 1 minute 10 seconds using 2.8 GHz 
processors). A direct response approach is used in both codes. 
Table 2.8 Comparison of results with methods from references (Soni, 1980). The sixth-order 
differential equation method; MSC: MSC/NASTRAN with shell and solid element 
M
od
e 
1 
2 
3 
4 
5 
6 
Analytical 
fn(Hz) 
64.43 
297.01 
744.10 
1394.0 
2261.2 
3343.7 
7 
0.0817 
0.0720 
0.0461 
0.0266 
0.0172 
0.0117 
Nastran 
fn(Hz) 
64.70 
298.00 
748.20 
1409.5 
2305.0 
3447.0 
n 
0.0818 
0.0720 
0.0459 
0.0263 
0.0168 
0.0112 
f„ Error (%) 
-0,42 
-0,33 
-0,55 
-1,11 
-1,94 
-3,09 
FES 
fn(Hz) 
64.47 
298.10 
748.70 
1407.7 
2295.0 
3416.0 
7 
0.0816 
0.0720 
0.0461 
0.0264 
0.0169 
0.0114 
f„ Error (%) 
-0,06 
-0,37 
-0,62 
-0,98 
-1,49 
-2,16 
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• Sandwich ring 
Finally, to check the performance of a curved beam, a damped sandwich ring of axial length b 
and a single point load applied in the radial direction is investigated in this example. Figure 
2.20 and Table 2.9 give the associated dimensions and material properties. In the following, 
Indexes 1 and 3 refer to the skins and 2 to the core. 
Table 2.9 Ring configurations and material' properties used for the numerical validation. 
Sandwich ring: R=0.1015835m; b=0.01m; hi=h3=1.52mm; h2=0.127mm 
Ei= E3 (Pa) 
Gx=G3 (Pa) 
pi= Pa (kg/mJ) 
ih=1l3 
7.037xl010 
2.7065xl010 
2770 
0.001 
E2(Pa) 
G2 (Pa) 
p2 (kg/mj) 
*12 
7.037xl05 
2.3614 xlO5 
970 
0.3 
fts i m r TCr^ r— 
Viscoelasiic layer Elastic layer 
Figure 2.20 Sandwich ring 
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Figure 2.21 shows the comparison between the present finite element model and a classical 
finite element model using MSC/NASTRAN. The Nastran model uses solid finite elements 
for the core and shell finite elements (with offset option) for the skins. Excellent agreement is 
observed. Both the resonance frequencies and the resonance amplitudes of the first six modes 
are accurately estimated. Note that in the Nastran model, the structure was divided into 49 
elements for each layer, whereas the present element uses 40 elements. Despite that, the 
NASTRAN model has many more degrees of freedom. Moreover, a substantial savings in 
computation time is achieved (30 seconds compared to 1 minutes and 30 seconds using 
processor 1.8 GHz). A direct response approach is used in both codes. 
-140 
10' 10' 
Frequency [Hz] 
Figure 2.21 Input mobility (dB) of a sandwich ring. Numerical validation: ( ) finite element 
sandwich; (—) Msc. Nastran 
53 
Summary 
The modeling of laminated steels with linear viscoelastic damping layers was described. A 
new sandwich finite element for laminated steels has been introduced. It allows for both 
symmetrical and unsymmetrical configurations. Validation examples, consisting of sandwich 
beams and sandwich rings, with a variety of geometrical and mechanical properties, have been 
presented to demonstrate the validity and accuracy of the presented element to estimate (i) the 
natural frequencies, (ii) the frequency response functions, and (iii) the damping loss factors. 
Validation comparisons of the presented approach versus experimental, analytical, and 
numerical methods were presented. These studies show that the proposed element sandwich 
beam is fast and accurate for the modeling of the studied laminated steels. For this study, a 
direct frequency response is used to handle the frequency dependencies of the polymeric core. 
In the following chapter, different existing mathematical models are outlined and compared. 
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3 MODELING OF VISCOELASTIC MATERIALS 
This section presents the dynamic characteristics of viscoelastic damping materials and 
outlines the different existing mathematical models. Classical representations of viscoelastic 
materials include the Maxwell model, the Kelvin-Voigt model, and the Zener model (Standard 
Solid Model). These models cannot capture well the behaviour of viscoelastic damping 
materials. Our efforts then focus on some of the modern models including: the Golla-Hughes-
McTavish (GHM) method (McTavish, 1993), the Anelastic Displacement Field (ADF) 
method (Lesieutre, 1995) and the Iterative Modal Strain Energy Method (IMSE). Finite 
element implementation of these models using the beam element presented in the previous 
chapter is also demonstrated. 
3.1 Characterization of viscoelastic materials 
Viscoelasticity is the property of materials that exhibit both viscous and elastic characteristics 
when undergoing deformation. A viscoelastic material (VEM) combines two properties: 
elasticity and viscosity. When subjected to mechanical vibrations, this material absorbs part of 
the vibratory energy in the form of heat and this characteristic is the basis of viscoelastic 
damping (Allen, 1996; Nashif et al., 1985). Vibration reduction can be attained by increasing 
the damping capacity (which is expressed by the loss tangent, tan5) and/or increasing the 
stiffness (which is expressed by the storage modulus E'). The loss modulus (E") is the product 
of these two quantities and thus can be considered the damping's main parameter. 
The basic assumption of linear viscoelasticity is the existence of a relaxation function h(t), 
which is such that stress is obtained as a convolution with the strain history: 
QO 
<T(t) = je(t-T)h(T)dT (3.1) 
0 
Using the Laplace transform, one obtains an equivalent representation where the material is 
now characterized by the Complex Modulus E (transform of the relaxation function): 
<T(s) = Ae(s) = [A' + iA"]£(s} (A',A")eR2 (3.2) 
where A' and A" are the real part and imaginary part of the complex modulus, 
respectively. For all practical purposes, one can thus, in the frequency domain, deal with 
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viscoelasticity as a special case of elasticity where the material properties are complex and 
depend on frequency, temperature, pre-stress and other environmental factors. 
In practice, the complex modulus is determined experimentally using dynamic excitation 
(Allen, 1996; Nashif et al., 1985). For a given set of material test results, analysis requires 
knowledge of E(s) for arbitrary values of s or at least of the frequency on the Fourier axis (s = 
ico). Three approaches must be supported in practice: 
• E(ia>) is interpolated from tabulated material test data with appropriate 
treatments for low and high frequency asymptotes. 
1 + als + ... + an s"n 
• E(s) is represented by a rational fraction E(s) = E0 (see 
l + j3lS + ... + j3nds"d 
section 3.2) 
• E(s) is represented using another analytical representation (see section 3.3) 
3.2 Classical representations of viscoelastic materials 
The classical models, which include the Maxwell model, the Kelvin-Voigt model, and the 
Standard Linear Solid Model, are used to predict a material's response under different loading 
conditions. Viscoelastic behaviour is comprised of elastic and viscous components modeled as 
linear combinations of springs and dashpots, respectively. Each model differs in the 
arrangement of these elements. 
The elastic components, as previously mentioned, can be modeled as springs of elastic 
constant E, given the formula: 
<j = Es (3.3) 
Where o is the stress, E is the elastic modulus of the material, and s is the strain that occurs 
under the given stress, similar to Hooke's Law. The viscous components can be modeled as 
dashpots such that the stress-strain rate relationship can be given as, 
a = TJS (3.4) 
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A J-A/VW- I 
o a 
Figure 3.1 usual Theological elements used in viscoelasticity 
Where r\ represent the viscosity of the material, and s is the time derivative of strain (rate of 
strain). 
To correctly represent the complex behaviour of the viscoelastic materials, one can assemble 
these different elements in series or parallel as shown in Figure 3.2. 
E C 
^WH 
j y y L _ E(i+jii) 
(a) 
it 
(b) 
MM 
(C) (d) 
Figure 3.2 damping models a) Maxwell model; b) Kelvin-Voigt model; c) complex stiffness 
(structural damping); d) Zener model 
The Zener model (Standard Linear Solid Model) effectively combines the Maxwell Model and 
a Hookean spring in parallel. A viscous material is modeled as a spring and a dashpot in series 
with each other, both of which are in parallel with a lone spring. The complex modulus of this 
model is expressed as follow: 
En-E„ E(s) = Ev + '0 ^ o o l + S / 0), (3.5) 
Where E0 = E and Ex =E + E' represent the asymptote at low and high frequency, 
respectively. 
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CO = JEQ/E^ is the frequency of maximum dissipation and depends on the relaxation time 
T = l/coJ=C/E'. 
The precision of the model can be improved by using a real exponentiation of s = iw. A model 
with 4 parameters that better fits the experimental test for storage modulus and loss factor has 
been proposed by (Pritz, 1998): 
E\s) = Eai+ E°~E\a (3.6) 
1 + ys/cOj) 
The coefficients a and a>j adjust the frequency of the maximum dissipation and the slope of 
the storage modulus and loss factor. 
The most classical generalization of the previous models is the rational fraction: 
l + a,s + ... + a „s"" 
l + fts + ^ . + ^si 
When nd > nn and all poles are distinct, the equation (3.7) can be decomposed into a sum of 
first order rational fractions: 
£ » = £ , - ! ; ,Ej . (3.8) 
The generalized models, such as the Maxwel and Kelvin models, are based on multiple 
combinations of the rheological models. They are two classical representations of the form 
(3.7). 
Other models, such as Golla-Hugues-MacTavish (GHM) (McTavish, 1993) and Anelastic 
Displacement Field (ADF) (Lesieutre, 1995) are particular cases of the sum of rational 
fractions. These models are particularly interesting since specific solvers for the associated 
eigenvalue problem have been developed. 
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3.3 Modern damping models 
Consider the following equations of motion for a finite element sandwich structural model: 
Mq + Dq + [Kp+K'c(a>)]q = Fi (3.9) 
Where: K*C(CQ) = G\(D)KC 
q,q,'q are the degree-of-freedom (dof) displacement vector, velocity vector, acceleration 
vector, respectively. 
M,D,Kp,Kc(co) are the mass, viscous damping and, faces and core stiffness matrices, 
respectively. 
Fj is the mechanical force. 
G*(co) is the complex frequency-dependent shear modulus of the core. 
The frequency dependence of the viscoelastic material properties is modeled through the ADF 
and GHM models and presented in the subsequent sub-sections, together with their curve-
fitting parameters. An iterative version of the modal strain energy method is also presented for 
comparison. 
3.3.1 Golla-Hughes-McTavish Model 
The GHM method (McTavish, 1993) is a simple and practical method that represents the 
properties of viscoelastic materials in the time domain, and is also useful for frequency 
domain analyses. It starts with a Laplace-domain representation of the complex modulus of a 
material in the form: 
G(s) = G0 + h(s) = G0(l + ! > , . s2+£2f,a,\ 2) (3.10) 
Where Go is the relaxed or static modulus and s is the Laplace complex variable. One may 
note that lim,,,^ G*(w) = G00, Gx=(\ + ^jai)G0 being the unrelaxed real modulus. 
i 
ai,a>i and £. are material parameters determined by curve fitting of the viscoelastic material's 
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experimental master curves. Replacing Eq. (3.10) in the Laplace transformed equation of 
motion (3.9) leads to: 
„2 
Tt s2 + IZ^s + co2 
(3.11) 
~ refers to Laplace transformed variables. F(s) represents the mechanical force vectors and 
K° = G0KC is the static core stiffness matrix. The GHM model introduces a series of n 
dissipative variables qf(i = 1, ,«) defined in the Laplace domain by: 
xd CD, 9T(*) = - r ^ T T -m 
sl + 2^iSjs + S2 
The association of Eqs. (3.11) and (3.12) leads to the following coupled system: 
(3.12) 
(s2M
 + sD + Kp+K:)q(s)-K°cY,atf(s) = Hs) (3.13) 
1
 , 2£ (s2^
 + s=^ + l)q?(s)-q(S) = 0 (3.14) 
CO, CO, 
, where AT" = ^ ( l + ^ a , ) . Multiplying (3.14) by atK° and retransforming to the time-
domain, leads to the following symmetric matricial system: 
Mq+Dq+Kq=F (3.15) 
Where 
M = 
~M 
0 
0 
A**J 
; D = 
D 
0 
0 " 
»«J 
; K = KP+K Kqd 
Kqd Kdd 
q=<q,q?,—,qn > ; F=COI(F,O,...,O) 
and 
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Mdd = 
Kdd = 
' ^ K ° c 
'2 c 
a j 
0 
-
~a}K°c 
'• 
0 
0 
'• 
°>n 
0 
anK°c 
;* 
DM = 'dd 
2&£i
 Ko 
2a
nZn gO 
C0„ 
^ = [ - « ^ ° - ~anK°e\ 
Since all matrices of the augmented system are frequency independent, Eq. (3.15) allows both 
a correct representation of the frequency-dependent viscoelastic material properties and a time 
domain analysis. 
Element stiffness matrices must include rigid-body modes. It is clear that the augmented 
stiffness matrix retains its rigid-body modes, as well the constant-strain modes which should 
be present in the original matrix. However, some modifications are necessary to avoid 
damping forces associated with rigid-body modes. The following reduction procedure 
eliminates these forces: 
K° = RAW 
In the above equation, A is a diagonal matrix of eigenvalues (* 0) and R is a matrix whose 
columns are the eigenvectors of K°c. 
So, the modal projection such as: qf = RTqf leads to the following matrices: 
M dd 
a, 
CO, 
-A 
KM = G dd - ^0 
0 
ScjA 
0 
0 
anA 
;Ddd = 
2a £ j 
A 
co, 
; ^ = hM:c0r 
2<xnZn A 
co„ 
-<*nKuJ 
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This model allows for good representation of the frequency dependence of the viscoelastic 
properties and the analysis of the system in the temporal field, since all the matrices remain 
constant. 
The GHM model allows for the accurate modeling of viscoelastic damping within the 
framework of traditional elastic finite element analysis. The method owes its accuracy to the 
fact that empirical data for the complex modulus of a given viscoelastic material are curve 
fitted and incorporated into the finite element formulation. However, this inclusion generates 
spurious internal variables, or dissipation coordinates, that do not represent physical 
displacements. The dissipation coordinates can be eliminated, while retaining the natural 
frequency and damping information, using Yae's model order reduction method (Yae, 1993). 
3.3.2 Anelastic Displacement Fields Model 
The ADF model is based on a separation of the viscoelastic material strains in an elastic part, 
instantaneously proportional to the stress, and an anelastic part, representing material 
relaxation (Lesieutre, 1995). Its implementation within a finite element model consists of 
replacing the dofs Vector q by qe = q-^qf in the core strain energy (Lesieutre, 1996). qe 
i 
and qf represent the nodal dofs vectors associated with the elastic and anelastic strains, 
respectively. This leads to the following equation for the elastic dofs 
Mq
 + Dq + (Kp+K:)q-K:^qf=F (3.16) 
WhereK™ =[1 + ^  AtJK°. The ADF model then proposes a system describing the evolution 
of the dofs associated with the anelastic strains. 
^Ktf+C&qf -Kq = 0 (3.17) 
Where material parameters C, and Q/ are evaluated by curve fitting of the G*(co) 
measurements, represented as a series of functions in the frequency domain 
co
2
 + jaQ 
G (a) = G0 1 + l A , 
v i=i o
2
 + n2 j (3.18) 
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The unrelaxed modulus here is G^ =limM,_>ooG*(w) = G0(l + ^ A ! ) . The material parameters 
i 
Ai, representing the relaxation resistance, are related to the parameters C, by 
1 + l A , 
C,= i=i 
A, 
From (3.16) and (3.17), an equation similar to (3.15) is then obtained, where 
(3.19) 
M = 
~M 0" 
0 0. 
,D = 
~D 
0 
0 " 
D
*. 
;K = 
KP+K 
K 
qd 
dd 
q=col(q,q?,....,qdn) ; F = co/(F,0,...,0) 
And 
Ddd = 0 
0 
0 
c. 
0 
0 
-K: 
Kdd = 
CXK: 
0 
0 
0 
0 
0 
0 
C„K: 
Kqd=[-K: ... -K;] 
In this form, the number of the system "anelastic" dofs, for each ADF, must be equal to that 
of the elastic ones. As for the GHM model, the system dimension can be reduced by modal 
decomposition qf = TTqf such that A = TTKCT, then the matrices associated with the ADF 
dissipative dofs can be diagonalized. A is a diagonal matrix containing the eigenvalues of the 
high frequency core stiffness matrix K™ and T is the corresponding eigenvectors matrix. The 
dofs vector q is then reduced as for GHM. The matrices DM, Kdd and Kqd corresponding to 
dissipative dofs can be written as: 
Ddd = 
A 0 
0 
0 c. 
0 
0 KM = 
Kqd=[-KT 
CA 0 0 
'•. 0 
0 C.A 
'V 
0 
•K?T\ 
63 
3.3.3 Iterative Modal Strain Energy (MSE) Method 
An alternative to the internal variables approach is to use an iterative version of the MSE 
method (Johnson, 1980). The MSE principle states that the ratio of composite system loss 
factor to the viscoelastic material loss factor for a given mode of vibration can be estimated 
from the ratio of elastic strain energy in the viscoelastic elements to the total strain energy in 
the model for a given mode. This is shown mathematically in the following equation: 
^-JISL (3.20) 
In which: 
rjr is the system damping for the r* mode of vibration . 
rj2 is the viscoelastic material loss factor at the frequency of the r^mode. 
Ucr is the elastic strain energy stored in the viscoelastic core for the r^mode. 
Ur is the total elastic strain energy for rth mode shape. • 
The ratio of the strain energies is given by: 
Ur frK^r 
Where Kc is the real stiffness matrix of the viscoelastic layer. 
Notice that Eq. (3.21) is not precisely true because it assumes that energy dissipated depends 
only on strain energies associated with the undamped mode shapes. Nevertheless, in cases 
where material properties are relatively independent of frequency, it produces satisfactory 
results. 
Clearly, the modal strain energy approach, as is, will produce incorrect results if the material 
properties of one or more components of the structure depend on the frequency. 
To make the approach suitable for such situations, an iterative method can be used: 
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Iteration method 
Procedure to determine the eigenvalues 
For a given temperature, 
1. Determine G* as a function of co. 
2. Assume an initial (starting) co1, i = 0, and calculate G and [KJ. 
3. Calculate the eigenvalues a\,ca\,a\,... 
4. For each j in a' repeat the following until certain convergence criteria are met. 
a. Determine [KJ and a new set of eigenvalues a[+l, a>'2+1, m'*1, ... 
b. Set i = i+l 
The process is expected to converge after a few iterations. 
Although there is no saving in degrees of freedom or effective number of elements with this 
method over the classical method, there are significant savings in time. However, this method 
is accurate only for lightly damped structures. 
• Application using the developed beam element 
A numerical example is presented in order to demonstrate the use of element matrices in the 
finite element analysis of a viscoelastic sandwich beam Figure 3.3 through the three methods 
(GHM, ADF and MSE) as described above. 
The physical properties of the materials used in the following studies are presented in Table 
3.1. The viscoelastic properties are frequency dependent (3M viscoelastic material ISD112 at 
27°C) and represented with three parameters using the GHM and ADF models (see Table 3.2). 
v// 
i-l 
Figure 3.3 Cantilever beam 
Z 
i 
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Table 3.1 Beam configurations and the material properties used for the numerical validation 
Sandwich Beam: Lx=190 mm; Ly=25.4 mm; hl=5 mm; h2=lmm; h3=lmm 
E!= E3 (Pa) 
nui= nu3 
Pi= P3 (kg/m3) 
70.3 x 10y 
0.345 
2690 
E2=DMA Data 
nu2 
p2 (kg/mJ) 
0.499 
1600 
Curve Fitting of Material Parameters 
This section discusses estimation of the GHM and ADF parameters for a 3M viscoelastic 
material ISD112 at 27°C (Lesieutre, 1995). These parameters are fitted to the measured data 
(Gm,ijm) given by 3M ISD112. A nonlinear least squares method, using lsqcurvefit function 
in MAT ALB, was used to optimize the computed values. 
1„ 
f 
10 10 
frequency 
Figure 3.4 Curve fitting of GHM parameters for 3MISD112 
For this material, three series of parameters were found to represent quite well the frequency 
range 20-5000 Hz with errors inferior to 5 percent (Figure 3.4). Although ADF and GHM 
have different parameters, ADF equivalent master curves were found to be almost the same as 
in Figure 3.4. This can be explained by the quasi-equivalence between (3.10) and (3.18) to 
represent the 3MISD112 viscoelastic material considered here. 
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Table 3.2 Curve-fitted ADF/GHM parameters for 3MISD112 
Model 
i 
1 
2 
3 
ADF 
Go (MPa) 
0.50 
A,-
0.746 
3.265 
43.284 
fi,(rad/s) 
468.7 
4742.4 
71532.5 
GHM 
Go (MPa) 
0.50 
a, 
0.742 
3.237 
41.654 
coj (rad/s) 
6502.9 
50618.8 
352782 
£ 
6.97 
5.38 
2.56 
The input mobility is computed by the different models. Figure 3.5 presents the comparisons 
between ADF, GHM, MSE models and direct frequency response (RDF). 
The resonance frequencies and the resonance amplitudes of the first four modes are accurately 
estimated except for the MSE model where the resonance amplitudes were lightly 
overestimated. 
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Figure 3.5 Input mobility (dB) for sandwich beam using ADF, GHM, MSE models and direct 
response frequency 
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Summary 
In this section, three methods were proposed to represent the viscoelastic materials frequency-
dependence properties, namely Golla-Hughes-McTavish (GHM), Anelastic Displacement 
Fields (ADF) and Iterative Modal Strain Energy method (IMSE). 
While IMSE is substantially easier to use, both ADF and GHM are able to account for 
damping effects over a range of frequencies. Unfortunately both the GHM and ADF methods 
are more complex approaches and increase the order of the finite element model as they add 
coordinates to the system to compensate for frequency dependence. This leads to huge models 
even for fairly trivial structures. So that advances in model reduction methods are needed. In 
the following chapters, a direct frequency response is used to account for frequency 
dependence. 
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4 FINITE ELEMENT SANDWICH PLATE MODEL 
4.1 Introduction 
A new sandwich finite element for laminated steel has previously been applied successfully to 
the vibration analysis of damped sandwich beams (chapter 2). In the current Chapter, this 
promising element model is extended to the vibration of unsymmetrical damped sandwich 
plates. It concerns the development of two efficient finite element sandwich plates: refined 
rectangular and triangular elements (Amichi et Atalla, 2007; Amichi et al., 2008) having four-
and three-corner nodes, respectively. Each node of both elements contains seven degrees of 
freedom. These are the transverse displacement W, the in-plane displacements U, V and four 
rotations \\ix, \\fy, 0X, 0y. The element uses C° continuous linear and cubic polynomials to 
interpolate the in-plane and transverse displacement field, respectively. The linear/cubic mix 
of interpolation functions is important because it eliminates shear locking in the element 
which manifests itself through excessive element stiffness as the element becomes long and 
thin (Prathap, 1982). The formulation of the bending terms for the 3-noded triangular element 
is based on the same concept as the Discrete Kirchhooff triangular element (DKT) developed 
by Batoz and al. (Batoz, 1980). To enable the analysis with arbitrary orientation in three-
dimensional space, two drilling degrees of freedom are added. A formulation with nine 
degrees of freedom per node is employed. The present sandwich element is easy to interface 
with classical elements. The element is compared with both experimental and classical FE 
modeling to prove its accuracy and computational efficiency. 
4.2 Theory 
4.2.1 Displacement fields 
Figure 4.1 presents the geometry of the developed element. It is based on the assumptions 
cited in section 2.2.1. 
Following these assumptions, the displacement field of the skins is built using the Love-
Kirchhoff s assumptions but is corrected to account for the rotational influence of the 
transversal shearing in the core. The Mindlin model is used to describe the displacement field 
of the core. The rotation effects of the transversal shearing in the core as well as the bending 
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of the panel are described by the rotation of yx and yy angles and the transversal displacement 
W. 
The displacement fields of each of the three layers are written as follows (Figure 4.2): 
Ul(x,y,z,t) = UK{x,y,t)-zdWi*y'Z>t)+z2yx{x,y) 
ox 
x T, , x 5W(x,y,z,t) . . 
Vl(x,y,z,t) = V20(x,y,t)-z '/' + z2if/y (x, y) dy 
W1(x,y,z,t) = W(x,y,t) 
U2(x,y,z,t) = U20(x,y,t)-zdW(x:y,Z,t)+Wx(x,y) 
V2(x,y,z,t) = V20(x,y,t)-z 
W2(x,y,z,t) = W(x,y,t) 
dx 
dW{x,y,z,t) 
dy 
+ zi// (x,y) 
U3 (x, y, z, t) = U20 (x, y,t)-z dW (*'*'Z ' l ) + z3yx (x, y) 
ox 
. . . . _. , . dW(x,y,z,t) . . 
V3 (x, y, z, t) = V20 (x, y,t)-z '/' + z3y/y (x, y) dy 
W3(x,y,z,t) = W(x,y,t) (4.1) 
dW dW Where the following notations are used: y/ = + y and y/ = + y 
dx dy 
> 
It 
So 
dx 
7 
Figure 4.1 : Geometry of the sandwich plate Figure 4.2 : Displacement field of the sandwich 
plate 
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z2 and z3 are the core's top and bottom layer z-coordinates calculated from the reference axis 
as shown in Figure 4.1. 
4.2.2 Strain-displacement relations 
Using equations(4.1), the linear displacement-strain relations of each layer are written as 
follows: 
,('') _ 
yy ;W = 
, (2) 
y(2) 
yz 
(i=l,2,3) (4.2) 
£
(2 )
 =em + zy/-zx 
e(3) =sm + z$/-zx 
(4.3) 
With: 
s = D u = 
m urn 
dx 
0 0 0 0 
0 - 0 0 0 
dy 
A A o o o 
dy dx 
U02 
V 
' 0 2 
Wx 
Vy 
W 
(4.4) 
V = Djt = 
0 0 — 0 0 
dx 
0 0 0 — 0 
dy 
0 0 A A o 
dy dx 
V 
' 0 2 
Vx 
Vy 
W 
(4.5) 
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X = Dufu = 
0 0 0 0 
0 0 0 0 
0 0 0 0 2 
dx2 
dy2 
d2 
dxdy 
U02 
V 
'02 
W 
(4.6) 
fyz 
0 0 1 0 0 
0 0 0 1 0 
^ 0 2 
V 
Wx 
Vy 
W 
(4.7) 
sm : Strain due to the membrane effect. 
\f/ : Strain due to the rotational effect. 
X : Strain due to the bending effect. 
Y : Strain due to the shearing effect in the core. 
By taking the material's constitutive law into account, and remaining within the framework of 
linear elasticity, the internal strain energy of the plate is written as: 
L
 v 
U
 = - Z j(eiiyrCwew +rTC^r)dV (i=l:3) 
2 , y 
yy 
i<T. V 
l ^ J 
C C 
^11 °12 
c c 
c, 
G 55 
c, 66. 
yy 
r*y 
Yxz 
r yz ) 
Where C(,) is the behaviour matrix. 
With, 
(4.8) 
(4.9) 
(4.10) 
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C E' 11 ~ 1 
1 — v v 
xy yx 
C44 = G^ C5 5 
M2 
= GXI 
_
 Ey 
^W 
C 6 6 = Gyz 
c 
M2 
_
 Eyv*y 
\ — v v 
xy yx 
E
x»yx 
1 - « W 
In the case of isotropic layers, coefficient C,, takes the explicit form (written for a given layer): 
C =C = 
M l M 2 , 2 
1 - U 
1 2 _ l - u 2 
c =c =c = -
44 55 66
 2(1+ i>) 
Note that, in the case of viscoelastic materials, the Young's and shear modulus are complex 
functions with frequency and temperature dependencies. 
Using equation (4.10), the stress field in the skins is written as: 
°xx 
<<7yy 
w 
' = 
i 
c c 
M i M 2 
c c 
M 2 M>2 c, 44. 
Equally, in the condensation form: 
K = [ c ] ' { 4 1=1,3 
In the core, the stress field is given as follow: 
(4.11) 
(4.12) 
Where 
[Cf = 
[Cf 
[c]c\ (4 
c c 
M i M 2 
c c 
M 2 M!2 c 
and [Cf = C 55 
c 66 
(4.13) 
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4.2.3 Strain energy 
Within the framework of linear elasticity, the internal strain energy of the sandwich is given 
by: 
U = \\{°){e}dv 
Z
 v 
U
 = -H J(*( , ')rc( ,V° +
 r
T
c
(c)
r)dv (4.14) 
2 i
 v 
The total strain energy of the sandwich plate can be written as the sum of the strain energies of 
its three layers; in addition, the energy of each layer can be written in terms of contributions 
from membrane, bending, rotational, membrane-bending coupling, membrane-rotational 
coupling, bending-rotational coupling and shear effects: 
U = Um+Uf+Ur+Umf+Umr+UJ,+Uc (4.15) 
The contribution of membrane effects to strain energy is given by: 
Um=-\sTCmsmdA (4.16) 
A 
With 
Cm = hfm + hfi™ + h£0) (4.17) 
The contribution of bending effects is given by: 
Uf=\\xTCfXdA (4.18) 
With 
Q _ (Z2 ~ Z\ ) £0) ! (Z3 ~Zl)(^{2)
 { (Z4~Z3.)^(3) 
f
 3 3 3 
The contribution of rotational effects is given by: 
Ur=\\WTCrydA (4.20) 
With 
2-A 
(4.19) 
Cr = z\hf™ + (Z3 Z2)C (2 ) + z\hf™ (4.21) 
The contribution of membrane-bending coupling effect is given by: 
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U
mf-\\{^TCmfX + ZTCmfsJA) dA 
With: 
cmf = -
(Z2 —Z±l(jm ! (Z3 Z2)^(2)
 + C^4__Zll(^(3) 
2 2 2 
The contribution of membrane-rotational coupling effect is given by: 
Umr=l\(eJCmry, + V,TCmremdA) dA 
^ A 
With: 
. 2 _ 2 N 
(3) C ^ = ^ C « + ^ ^ ^ + Z 3 ^ C 
The contribution of bending-rotational coupling effect is given by: 
Ufr=\\{xTCfrW + WTCfrX dA) dA 
^ A 
With: 
CJr = 
2 _2> 
(Z2 ~Z1 )^(1) ! (Z3 ~Z2)^(2)
 | Z (Z4 ~ Z3 ) ^(3) 
2 3 2 
The contribution of shear effects is limited to the core and is given by: 
Uc=\\yTCcydA 
With: 
Cc=h2C (<0 
(4.22) 
(4.23) 
(4.24) 
(4.25) 
(4.26) 
(4.27) 
(4.28) 
(4.29) 
By replacing strain energies of each layer by their expressions, we obtain: 
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U = \\uT {DlCmDw 
+ ^CfDuf 
+ DTC D{i) 
ur r ur 
+
 ^urn^mf^uf +^uf^mf^um 
~*~ ^um^mr^ur ~*~ ^ur^mr^um 
+ DlfCfrDur+DTurCfrDuf 
+ DTucCcDuc)udA 
(4.30) 
4.2.4 Kinetic energy 
The kinetic energy of the plate is written as follows: 
r=4i>J,(tfftf, +W +tTt )dv 
*• i=\ 
(4.31) 
Where pi is the density of ith layer and {U^V^WA the velocity components of a point 
belonging to the i* layer. 
The displacement field (4.1) is first written in the following matrix format: 
1 0 0 0 0 
1 0 0 0 0 
1 0 0 0 0 
(4.32) 
0 1 0 0 0 
0 1 0 0 0 
0 1 0 0 0 
u02 
V 
r 02 
Vy 
w 
U02 
V 
' 0 2 
Vx 
Vy 
W 
+ 
0 0 
0 0 
0 0 
0 0" 
0 0 
0 0 
V 
r 02 
Vx 
Vy 
w 
-z 
+ 
0 
0 
0 
0 
0 
0 
0 
0 
0 
Z2 
z 
z, 
0" 
0 
Oj 
~ ^ 0 2 _ 
V 
r02 
Vx 
Vy 
W 
-z 
0 0 0 0 — 
dx 
0 0 0 0 — 
dx 
d 0 0 0 0 — 
dx 
0 0 0 0 — 
0 0 0 0 
0 0 0 0 
u02 
v 
" 02 
Vx 
Vy 
w 
d~ 
dy 
d 
dy 
d 
— 
dy 
~u02~ 
V 
' 0 2 
Vx 
Vy 
W L -J 
With: 
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U,=(Tt + z2Tr-zTz)u 
U2=(f!+zfr-zt) u 
U3 = (fl + z3fr-zfz)u 
and: 
Vx={ft+z2Tr-zTz)u 
V2={ft+zfr-zfz)u 
Vx={ft+z3fr-zfz)u 
W=.Ttu (4.33) 
ft = [l 0 0 0 0]; fr=[0 0 1 0 0]; fz = 
ft = [0 1 0 0 0]; fr=[0 0 0 1 0 ] ; fz = 
Tt = [0 0 0 0 1] 
0 0 0 0 — 
dx 
0 0 0 0 
3y. 
(4.34) 
The expression of the kinetic energy (4.31) becomes: 
r =
-i^"r[r/' ) r r/°-z(rr ( o r r/0^ idA (4-35) 
Finally, integration along the Z direction, leads to the expression of the kinetic energy in terms 
of the formulation variables: 
A 
^juT[pmftTft+Prf?fr+pzfzTfz + ptr(flTfr+frTft) + ptz (ftTfz +fzTft) + prz(fzTfr+frTfz)]udA + 
\\py^TtudA 
1
 A 
(4.36) 
Or in compact form: 
T=T+T+T (4.37) 
With: 
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T
u = X / u \PmTt Tt 
2A 
+ prfjfr 
A T 1 A 
+ PzTzTz 
+ Ptr(f?fr+f?tt) 
) ( / . T A A T 1 A 
T/TZ+T'T; 
+ PrZ{rIfr+fJ'fz^udA 
(4.38) 
r,4K(^ 
+ A ^ 
+ Ptr(f!Tfr+fJft) 
+
 Ptz(fTf2+frft) 
+ Prz(fJfr+frTf2))udA 
(4.39) 
?;=-j/7m"7'ftw (4.40) 
And: 
(z^-rf) (z33-z23) ( ^ - ^ ) 
A =
 3 ' A + 3 A + 3 A 
A = * & A + ~ A + z&P3 
P*=-
\z\-z\) „ (zl-z22) n (z]-zl) 
-M+- P 2 +-
, {zi-zl) 
Ptr = Z2 V l + „ A + *3 V 3 
Az= z : 
2 
-A+-
( z 2 2 - 2 , 2 ) ^ , (Z | -Z 2 3 ) 
2 " 3 
th 
p2 + z; ft"*?) A 
pt : Density of i layer. 
(4.41) 
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4.2.5 Work of external forces 
In the case of a point load {P} and a uniformly distributed load {f}, the associated work is 
defined by: 
W«t=\uT{f}dS+uT{P) (4.42) 
s 
4.3 Finite element formulation 
In this section, rectangular and triangular elements for unsymmetrical three-layer sandwich 
plates are developed and described in Figure 4.3. Each node of both elements contains seven 
degrees of freedom. These are the transverse displacement W, the in-plane displacement U, V 
and four rotations y/x, y/y6X:0y. 
4.3.1 A 4 node rectangular element 
4.3.1.1 Element variables (degrees of freedom) 
From the formulation of energy and work expressions presented in the previous section, a 
Quad4 Sandwich finite element with 7 degrees of freedom (dofs) by node was developed. The 
vector of the elementary degrees of freedom qe is composed of 28 mechanical dofs as shown 
in Figure 4.3. 
The generalized displacements u = \uo2 V02 i//x y/y W~\ are discretized with Lagrange 
bi-linear shape functions for the displacement and rotation,U02,Vm,y/x and y/ and Hermite 
cubic shape functions are used for the transverse deflection W. 
They are related to the element degrees of freedom vector qe = \q'e qJe q\ qle~\ where 
?"=[«02» vo2« ^OT Vyn w w,xn w,yn] '•> n = i,j,k,l by u = N q,; the interpolation 
matrix N is defined as follows : 
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N = \ 
v, 
Where: 
Nu=[Nui K Nuk Nul]™&Kn=[Nm 0 0 
K=[K #* ** N«]vnihNm=[0 Nm 0 
withA^„ = [o 0 
with^„=[o 0 
vAthNwn=[0 0 0 
With: 
N =N =N =N = - ( l + —V1 + —) 
'
 4
 £, % 
Nr,= 
~KJ 
Nr,=[K 
Nw = [ K 
Kj KS " V,i _ 
N N N 
lyv?j lyVyk lyv,'_ 
N N N 
J Vwj lywk • 'vwl 
wi 
8
 £, ^ £> £, ^ »7» . 
^ ,»=-^„ ( l+ f ) ( l+ - ) 2 ( l - ^ - ) 
8
 £, 7„ 7„ 
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Figure 4.3 : 4 node sandwich element with 28 ddls 
4.3.1.2 Element stiffness matrix 
By replacing u and N by their expressions in equation (4.30), the following expression is 
obtained for the strain energy: 
U = \ q^N'DlC^N 
+ NTDlfCfD4N 
ur v r ur ' + N'D'CD!JN 
+ NTDTumCmfDufN + NTDlfCmfDumN (4.44) 
+ N1 D'umCmrDurN + N' D'urCmrDumN 
+ NTDlfCfrDurN + NTDTurCfrDufN 
+ N
TDTucCcDucN)qe dA 
Moreover, the strains are written in terms of their membrane, bending and shear components: 
Pm=DumN; j3f=DufN; Pr=DurN; fic = DUCN (4.45) 
Using notations (4.44) in(4.44), we obtain: 
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U = \\ql(PlCmPm 
+ PfCfPf 
+pTrcrp] 
+ j3TmCmf/3f+J3TfCmfPm 
+pTfcfrpr+pTrcfrpf 
(4.46) 
+ pTcCcPc)qedA 
Thus, the element strain energy Ue, is written in the following matrix form: 
U = ~q1eKeqe 
With: 
(4.47) 
Ke= I 
V membrane bending rotational 
+ PlcmfPf +PTfcmfpm +pTmcmrpr +pTrcmrpm+pTfcfrpr +pjcfrpf (4.48) 
memb rane-bending 
\ 
membrane - rotational bending- rotational 
shear J 
dA 
Ke represents the element stiffness matrix of the sandwich plate element, decomposed into 
membrane, bending, membrane-bending coupling, membrane-rotational coupling, bending-
rotational coupling and shear contributions. 
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4.3.1.3 Element mass matrix 
By replacing u and N by their expressions in equation (4.36), the kinetic energy writes: 
T = UqT.(PmNT(T?ft+f?ft)ff 
1
 A 
+
 PrNT(f?fr + fX)N 
+ PzNT(fTf!+fJfz)N 
+
 PlrNT[(f?fr+f?ft) + (f?fr+f?ftj]N 
PtzNT [(ftTfz+fTft) + (ftTfz+fzTft)]N 
(4.49) 
+ PrzNT [(fzTfr + fjfz) + (f?fr + fjfz) 
+ PmNTftTTtN)qedA 
N
Using the following notations: 
K=TtN; N„=frN; Nu=ftN 
Ny=ftN; Nry=frN; Nzy=fzN (4.50) 
NZI = TZN 
where Nx, Nz and Nr are the interpolation vectors related to axial displacements, transverse 
displacements and rotations, respectively for faces and core, we obtain: 
T = \\<£(pm(NlK+KNy) 
1
 A 
+ P^lNzx+NTzyNzy) 
+ Ptr[{NTxNnc+NTn:Nx) + (NTyNiy+NjyNy)] (4.51) 
+ Pa [(NTxNa + NTjrx) + (NTyNv + NTvNy )] 
+ Pn [(K*~ + NiN* ) + (KNV + KNV )] 
PmNTJfa)qtdA + 
Thus, the kinetic energy Te calculated on an element, is written in following matrix form: 
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Te=\q]Meqe 
With: 
(4.52) 
Me=l p (NTN +NTN ) 
"m \ x x y yj 
translation{x,y} 
+ 
+ 
Pr(NTJf„+NlNv) 
rotation{x,y) 
p,{KN*+KNv) 
translation(z) 
+ Ptr \N
T
XN„ + NlNx ) + (NT,Nty+ NlNy )] 
+ A 
coupling translation^,y)-rotation(x,y) 
[(NTxNa + NlNx ) + (NTyNv + NlNy) 
+ 
coupling translation(x,y)-translation{z) 
p \{NTN +NTN )+(NTN +NTN VI 
r'rz \\* zx* rx rx* zx / Y * zyJ ry ryA* zy } \ 
coupling translation(z)-rotation{x,y) 
+ p NTN 
rm zz : 
translation(z) J 
dA (4.53) 
Me represents the mass matrix of the sandwich plate element decomposed into inertia terms 
of translation, rotation and their coupling contributions. 
4.3. J. 4 Element load vector 
According to (4.42), the external load work is given as: 
Wext=ijqTeNTfdAi+aTeNTP1 (4.54) 
Which can be written as W^ = qTeFe with 
F.=t,lNTfdA,+NTPt 
the element load vector. 
(4.55) 
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4.3.2 A 3-node triangular element 
The formulation of this element is based on the Discrete Kirchhoff Triangular (DKT) element 
developed earlier by Batoz and al. (Batoz, 1980). 
The discrete Kirchhoff elements (DKT) were proposed as a viable alternative to define 
elements with less nodes and degrees of freedom. To formulate a simple and conform element 
based on those approaches, a CI continuity is required to JFand W,n along the contour of the 
element. This is due to the second derivative of transversal displacement W in the expression 
of bending strain energy. 
The formulation of the bending terms developed here is based on the same concept as the 
Discrete Kirchhoff triangular element (DKT) developed by Batoz and al. (Batoz, 1980). The 
DKT element is a thin plate element based on Kirchhoff assumptions, introduced in discrete 
form. 
The bending energy of the sandwich plate is given in equation (4.18). 
Where % can be expressed as follow: 
X- (4.56) 
Px and Py are the rotations in the normal direction to the xz and yz planes, respectively. 
Equation (4.56) contains only the first derivatives of Px and Py and hence it is relatively easy 
to establish interpolation functions that satisfy the compatibility requirement. However, since 
Px and fi are the variables in equation(4.56), it is necessary to relate the rotation of the 
normal to middle surface to the transverse displacement W (which does not appear in equation 
(4.56). This goal should be achieved by the assumptions made by Batoz and al. (Batoz, 1980). 
The rotations Px and Py are represented in a quadratic expression: 
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1=1 1=1 
Where fix and /? represent the value of rotations at each corner and mid-node. 
Nt are the shape functions defined as follows : 
(4.57) 
^=2( l -<f - /7 ) ( .5 -<f - /7 ) 
N6=4£(l-£-tj) 
(4.58) 
The Kirchhoff hypothesis is constrained at each node and mid-node as follows: 
y. 
px+ 
Pv + 
dW 
dx 
dW = 0 at nodes 1,2 and 3 
dW 
B H = 0 at mid-node 4,5 and 6 
ds 
Where s is the direction along an edge. 
The transversal displacement W varies cubically over the element: 
(4.59) 
(4.60) 
'dW^ 
v 8s j 
— W-~ 
2/„ ' 4 
rdW^ 
v 8s j , 
+ — W--
2/, J 4 
fdW^ 
yds j 
(4.61) 
Where k denotes the mid-node of side ij and ltj represents the length of the side ij. 
The rotation f3n varies linearly along the sides: 
Pnk=\{Pni+Pnj) (4.62) 
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Where k = 4, 5, 6 denotes the mid-node of sides 23, 31 and 12, respectively. 
To obtain J3x and /3y in terms of the nodal dof [^ 0xX 6xX W2 9s2 0x2 W3 0x3 0x3], 
the following geometrical relations are required on each side: 
A 
A 
c -s 
s c A 
(4.63) 
And 
~dW~ 
ds 
dW 
. dn _ 
c 
s 
s 
-c 
'e; 
d> 
(4.64) 
Where c = cos(x, nv) and s = sin(jf, ntj) 
Using the equations above, the following expressions are obtained for (3X and /? : 
/3x=HTx(£,ri)U /3y=HTy^,V)U 
Where: Hx and H are the shape functions. 
Hxl=\.5(a6N6-a5N5) 
Hx2=bsN5-b6N6 
Hx3=N,-csNs-c6N6 
Hy4=l.5(d6N6-d5N5) 
Hy5=-Nl+e5N5+e6N6 
Hy6 ~ ~Hx2 
(4.65) 
(4.66) 
The terms H^ and H^ i = 4,5,6,7,8,9 are obtained from the above expressions by replacing 
TVj by N2 and N2 by N3 and indices 6, 5 and 4 by 4, 6 and 5, respectively. 
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ak=-j2 
XV 
c t=(l/4V-l/2^2)// ( 2 \ / j 2 V 
V 
ek=QIAyv2-\l2xf)llf 
Where k = 4, 5, 6 for the sides ij = 23, 31, 12, respectively. 
The strain displacement due the bending effect is given as follows: 
(4.67) 
X
 = TA 
y.Ks+yuKn 
-x3lHl.-x13Hl„ +y31HTy, + ynH y,n 
(4.68) 
Where 2A = x3lyl2 -xl2y3 
'hi e3lf 
-t L^ % 6 
s '*23 
4 
ny 
A-O* i i v 
'ft. 
n 
12 '12 
12 
Figure 4.4 DKT element 
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To obtain the strain energy due to the membrane and shear effects, Lagrange bi-linear 
functions are considered to approximate the displacement \U02 V02 y/x y/y\. 
Nz=% (4.69) 
N3=rj 
On the other hand to compute the mass matrix, the transverse displacement W was 
interpolated using the shape functions for the nine dof triangle discussed in Dath's book 
(Gouri et Gilbert, 1981). 
Figure 4.5 : 3 node triangular sandwich plate element with 21 ddls 
Finally, the vector of elementary degree of freedom qe=\q'e q{ qke\ where 
C=[Mo2« vo2« V» Wyn w w,xn w,yn\ ; n = h J,k is composed of 21 mechanical ddls 
as shown in Figure 4.5. 
4.3.3 Curved sandwich plate 
A curved sandwich plate is approximated here as a faceted surface, formed by connecting flat 
rectangular or triangular sandwich elements together at vertex nodes. This is obtained by 
adding to the 7 degrees of freedom of the flat plate elements 2 degrees of freedom in rotation 
dW (y/z, ) around the normal with the plane of the plate. Each element uses three translational 
dz 
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dW dW dW (U, V, W) and six rotational (y/x, if/ , if/2, , , ) d.o.f per node. In consequence, 
dx dy 8z 
the rectangular and triangular elements have 36 and 27 d.o.f., respectively. 
4.3.3.1 Plane element in local coordinate 
Consider a typical flat sandwich element in a local coordinate system (x,y,z). 
The reference surface of the element is defined in a global coordinate by: 
(4.70) W=i 
X 
Y 
Z 
n 
i 
'x; 
y, • 
z t . 
With: 
(4, //J = (±l, ±1) 
n= i,j, k, I 
for the quadrilateral element and: 
N,=l-4-f?; N2={; 
for the triangular element 
N3=n; n=i,j,k 
v * 
(•i,v » 
(•1,-V 
(0,11 
(0.01 
c,v 
a,v 
(1,0) 
Figure 4.6 4-node quadrilateral element-local and natural coordinate system 
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The element local plane is defined by creating two vectors ax and a2 which are tangent with 
their respective directions £ and r|. We can thus define a three-dimensional covariant 
basis(a1;a2,«). ax and a2 are not necessary orthogonal. 
The unit normal vector h in the tangent plan is defined by the following expression: 
n = 
ax /\a2 
\ax/\a2\ 
(4.71) 
With: 
51 = -
A 2 1 
* 2 , 
7 
. 2 1 . 
•; a2 = -
'** 
Y* 
7 
. 3 1 . 
We can define thus, a local referential [Q] = [/, :t2 :n] as a base referential (Figure 4.7). 
The vector tx is to be directed along the side covariant vector a, and normalised with respect 
to its length: 
a, tx = jzi and t2=h/\tx 
\a,\ 
(4.72) 
This choice makes it possible indeed to build a local reference orthonormal. It presents 
nevertheless a disadvantage, that of depending on the classification of the nodes in the 
definition of the two tangent vectors. However, the method suggested by Batoz and Dhatt 
(Batoz et Dhatt, 1992b), provides a solution for this problem. According to the components of 
the normal n(nx,ny,nz), the matrix [Q] is written as follow: 
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Figure 4.7 a) geometrical shell in space b) A curved quadrilateral and triangular element 
[Q] = [t]\t2\n] 
With: 
\ a a I 
\ a a f 
n = {nx:ny':nt) 
a = \ + nz; 1 + n2 * 0 (k * n) 
This matrix is obtained by a rigid rotation of the reference (i, j , k) around the axis k A h, so 
that the vector coincides with the normal ft after rotation, n is not supposed to be parallel 
with k. If 1 + nz = 0 (k = -n), then the matrix [Q] will take the following form: 
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(4.73) 
(4.74) 
(4.75) 
(4.76) 
[Q] = 
1 o o 
0 - 1 0 
0 0 - 1 
' Vl (i^ij2=-j;n = -k) (4.77) 
The local reference (ix':t2':n) will be used to define the nodal geometry, kinematics and 
variables. The coordinates of nodes 1, 2, 3, 4 (see Figure 4.8) in the local reference of origin 1 
are: 
I * J 
w 
I * , 
lol 
= W:hf 
X, 
\.y*. 
| - * 4 
•W-hf * 3 . 
^ 3 1 
XAl 
z„ 
(4.78) 
* + 
(0,0) * (0,0) » 
Figure 4.8 Local reference of origin 1 (0,0) (triangular and quadrilateral element) 
4.3.3.2 Matrix in the global coordinate 
The three dimensional surface is described in a global Cartesian coordinate system (X,Y,Z) 
and the stiffness and mass matrices of each element are computed in a local Cartesian 
coordinate system (x,y,z) coplanar with the element face. 
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The displacement and rotations U, V, W,dx,0Y,0z,i//x,y/Y, y/z in the global coordinate X, Y, Z 
are expressed in the local coordinate by: 
u 
V 
w 
•=[QV 
U 
V 
W 
s < 
c •> 
°y 
8Z 
=[QV 
ox 
0Y 
*z. 
> ; • 
w^ 
Vy 
Vi\ 
= [Q]T 
Wx 
WY 
.Vz. 
(4.79) 
[Qf = 
Mjr 
*2Jf 
»* 
?lr 
r2r 
nY 
hz 
Hz 
nz 
Where the components of [Q] are defined previously in equation(4.73). 
The element nodal variables in the local coordinate are: 
(4.80) 
("»)«** = ( - | f / < V> Wi 6xi 6Y, 6n WXi Vn VK'-'~ » = !•••«> (4.81) 
KHTfW 
Where 
glob (4.82) 
[T] = 
36x36 
Or: 
0 
27x27 
M = 
9x9 
[A 
[o] 
[o] 
[o] 
[o] 
\A 
[o] 
[o] 
[o] 
[o] 
[A 
[o] 
[o] 
[o] 
[o] 
[A 
A] [0] [Ol-
io] W [o] 
[o] [o] M 
'[ef [o] [°] 
[o] [ef [o] 
[o] [o] [er 
for quadrilateral element 
for triangular element 
(4.83) 
(4.84) 
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Before matrix assembly, the element matrices, defined in the local coordinate system, are 
transformed into the global coordinate system using the coordinate transformation matrix[r]. 
[*U=Pf[*]P1; (4-85) 
{ ^ U = [ T 1 > } ; (4-87) 
4.3.3.3 Drilling degrees of freedom 
When sandwich plate elements are used in a facet shell configuration, rank deficiency and ill-
conditioning problems occur when adjacent elements are coplanar. This problem results from 
the zero stiffness associated with the in-plane rotation degrees of freedom 6Z and y/z, usually 
called drilling degrees of freedom. 
To stabilize the assembly, a fictitious drilling stiffness is added. In the present finite element, 
the formulation proposed by Batoz and Dhatt (Batoz et Dhatt, 1992b) is used, providing a 
fictitious stiffness matrix to the drilling degrees of freedom. 
We define two identical fictitious drilling stiffnesses [K0Z] and \KVZ\ relative to each of 
drilling degrees of freedom 6 and y/z. 
~N, 
i = i 
* , (£* ) =-J-1 N, 
(4.88) 
(4.89) 
Where J is the inverse Jacobian matrix. 
Hz = ±Etfl\2{\-v2). (4.90) 
or is a scaling factor, a «10 
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4.3.4 Coupling between sandwich and plate elements 
In this section, interface element which couple the sandwich element with classical plate 
elements (QUAD4, TRIA3,..) is presented. 
reference axis 
interface homogeneous plate 
Figure 4.9 : Coupling sandwich plate with homogeneous plate 
The interface element is simply obtained by considering the sandwich element as one layer (h2 
= h3 = 0), so Z2 = Z3 = Z4 = hi/2 and Zi = - hi/2. The reference axis is considered at the middle 
of the first layer as shown in Figure 4.9. 
Replacing these values in expressions (4.17), (4.19), (4.21), (4.23), (4.25), (4.27), (4.29), one 
obtains: 
C =hCm C=^Cm C =^-Cw C =%-Cm 
m T / 1 r, r . mr _ 12 
cm / = o cA=o C =0 (4.91) 
The expression of membrane effect and bending effect are similar to those of classical plate 
elements. 
The coupling between sandwich elements and classical elements is performed using rotational 
and membrane-rotational expressions. 
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4.4 Numerical validation 
This section presents validation cases for the presented finite element sandwich plate elements 
(referred to as FES). Test cases consist of analytical and finite element results taken from 
literature. Multiple validation examples, consisting of sandwich plates with a variety of 
geometrical and mechanical properties, have been presented to demonstrate the validity and 
accuracy of the presented element in (i) estimating the modal resonance and (ii) the frequency 
response functions. In house experimental validations, using laminated steel, are given in 
Chapter 5. 
2) Simply Supported (SSSS) sandwich plate 
This example considers a symmetric isotropic laminated steel plate. The plate is simply 
supported on all four edges. The dimensions and physical properties are presented in Table 
4.1. The complex shear modulus of the core is assumed constant for this comparison. 
Table 4.1: Plate configurations and the material properties used for the numerical validation 
Case#l Sandwich Plate: Lx=304.8mm; Ly=348mm; hl=h3=0.762mm; h2=0.254 mm; 
E t= E3 (Pa) 
GX=G3 (Pa) 
Pi= Ps (kg/m3) 
nl=i|3 
2.1 xlO1 1 
6.89 xlO1 0 
2737 
.0 
E2 = 2.67008 x 106 (Pa) 
nu2 
p2 (kg/mj) 
H2 
0.49 
999 
.5 
Table 4.2 compares the natural frequencies and modal damping predicted by the developed 
code (FES) to an analytical solution (Abdulhadi, 1971) and finite element solution using 
NASTRAN (Johnson, 1980). 
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Table 4.2: Comparison of natural frequencies and loss factors of a symmetric sandwich with 
isotropic face-plates 
1 
2 
3 
4 
5 
Analytical 
f(Hz) 
60.3 
115.4 
130.6 
178.6 
195.7 
n 
0.190 
0.203 
0.199 
0.181 
0.174 
NASTRAN (10x12 elements) 
f(Hz) 
57.4 
113.2 
129.3 
179.3 
196.0 
7 
0.176 
0.188 
0.188 
0.153 
0.153 
FES (10x12 elements) 
f(Hz) 
58.24 
114.44 
130.44 
176.96 
196.59 
n 
0.171 
0.191 
0.189 
0.168 
0.165 
Compared to the analytical results, the present finite element (FES) is observed to be more 
accurate than NASTRAN for the same number of elements. 
3) Free-free (FFFF) sandwich plate 
In this example, a free-free symmetric rectangular MPM (metal-polymer-metal) sandwich 
plate is presented. The associated geometrical and physical parameters are presented in Table 
4.3. The shear modulus of the viscoelastic core as well as the damping coefficient is assumed 
variable over the frequency range (see Figure 6.1: viscol). 
Table 4.3 Plate configurations and the material properties 
Sandwich Plate: Lx=507mm; Ly=312mm; hl=h3=0.450mm; h2=0.031 mm 
El=E3(Pa) 
Nul= nu3 
pl=p3 (kg/m3) 
2.1E11 
0.33 
7790 
E2= DMA data (Viscol) 
nu2 
p2 (kg/m3) 
0.49 
1010 
The input mobility of the plate is calculated by the present element (referred to by FES) and 
compared to MSC/NASTRAN. In the latter, the face sheets are modelled with quadrilateral 
plate elements (QUAD4) with offsets and the viscoelastic core is modeled with solid elements 
(HEXA). Figure 4.10 presents the comparison between the two models. Excellent agreement 
is observed. The resonance frequencies, the resonance amplitudes and width (damping) of the 
first five modes are accurately estimated. 
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Frequency (Hi} 
Figure 4.10: mobility (dB) of sandwich plate; (—): finite element sandwich (FES); (—) 
MSC/NASTRAN software 
Several meshes were used in order to study the convergence of the solution, as well as the 
computational cost of the two models. Calculations were made on the same machine with a 
Pentium 4 processor. For the presented finite element model, the convergence is reached with 
20 x 20 elements (441 nodes) and the model took 260 seconds to solve. Using 
MSC/NASTRAN, the convergence is reached with 40 x 80 elements in each layer (6642 
nodes) and took lh08mn to complete. Comparison with a full NASTRAN solid model (solid 
for both the core and the skin) leads to the same accuracy comparison with a larger 
computational expense. 
4) Sandwich shell 
A damped sandwich shell (quarter cylinder, see Figure 4.11) is investigated in the following. 
This example consists of computing the input mobility for a symmetrical sandwich shell with 
viscoelastic core. The physical properties of the materials used in the following studies are 
presented in Table 4.4. 
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Table 4.4. Material properties used for the numerical validation. 
Case#l Sandwich Arch: R=0.1m; b=0.01m; hl=h3=1.52mm; h2=0.127mm 
El= E3 (Pa) 
Nul= nu3 
pl= p3 (kg/m3) 
ijl=il3 
7.037xl0 lu 
0.3 
2770 
0. 
G2=7.037xl05(Pa) 
nu2 
p2 (kg/m3) 
Hi 
0.49 
970 
0.3 
•A 
V/A 
• 
h3 
h2 
hi 
Figure 4.11. Cantilever sandwich shell 
Figure 4.12 shows that the computed results are in good agreements with those of the finite 
elements software (MSC/NASTRAN®). Small differences are observed at high frequencies 
and this is traced to the rate of convergence of the two models and thus to the used meshes. 
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Force normalized quadratic velocity <|VQ/F| > 
-150 
100 200 300 400 500 600 700 800 900 1000 
Frequency (Hz) 
Figure 4.12: Input mobility (dB) of a sandwich shell. Numerical validation: (—) Msc Nastran, 
( ) finite element sandwich (FES). 
5) Partially laminated plate 
• Symmetrical plate 
In this section, a free-free steel plate partially covered with a constrained viscoelastic 
treatment is investigated. The geometrical and physical parameters of the plate are presented 
in Figure 4.13 and Table 4.5, respectively. 
Table 4.5 Plate configurations and the material properties used for the numerical validation. 
Sandwich Plate: Lx=2mm; Ly=lmm; hl=0.53 mm; h2=0.035mm; h3=0.53 mm; 
Ei =E3 (Pa) = 2.1x10" 
E2(Pa) = 2.1xl006 
vi = nu3 = 0.3 
v2 = 0.49 
pi=p3 (kg/m3) = 7800 
p2(kg/m3)=1010 
Til = T | 3 = 0 . 
n 2 = 0.5 
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pjrtiM coverage I 
• steal plate 
0.1 m 
0.1 m 
0.2 m 
Figure 4.13. A free-free plate with partial treatment 
Using NOVAFEM, the steel plate was modeled with classical element (cquad4), coupled with 
the developed sandwich plate elements for the covered area, using an interface element as 
shown in Figure 4.14. 
interface 
element 
y partial coverage 
steel plate 
Figure 4.14. Plate meshing with coupling elements 
The input mobility of the plate is calculated and compared to MSC/NASTRAN (Figure 4.15). 
For NOVAFEM, 16x16 quad4 elements were used for both the sandwich and the homogenous 
plates. 16x1 sandwich coupling elements with (h2=h3=0) were used to couple the two parts 
(Figure 4.14). For the Nastran calculation, 20x20 Hexa8 elements were used for the skins and 
the core of the sandwich part and 20x20 hexa8 solid elements were used for the homogeneous 
part. Very good agreement is observed between the two models. The resonance frequencies, 
the resonance amplitudes and bandwidth (damping) of the first four modes are accurately 
estimated. It can be concluded that the sandwich element couples well with classical elements 
using the proposed interface element. 
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1 * 
\ ! 
X 1 T 
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\ J \l 
h 
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/ t # 1 / 
11 
II 
/ X 
^ \ / \ 
v / 
Nastran 
— coupling (sandwich element-classical element) 
/\i 
yv^ 
V 
20 120 220 320 420 520 620 720 820 920 
Frequency (Hz) 
Figure 4.15. Input mobility (dB) of a free-free plate with partial treatment. Numerical 
validation: ( ) FES (sandwich element); ( ) Msc. Nastran 
• Non symmetric sandwich plate 
A simply-supported unsymmetrical fibreglass plate with partial treatment is considered in this 
example. The partial treatment consists of a constrained viscoelastic layer. The constraining 
layer is made of steel. The geometrical and physical parameters of the plate are presented in 
Figure 4.16 and Table 4.6, respectively. 
Using the finite element sandwich model, the plate was modeled with classical element 
(Quad4), coupled with the sandwich plate using an interface element as shown in Figure 4.17. 
The interface element is a sandwich element with just one layer (h2=h3=0). Using 
MSC/NASTRAN, both the partial coverage and the fibreglass plate are modeled with Hexa8 
solid elements. Figure 4.18 presents the input mobility computed by the present element and 
MSC/NASTRAN. Very good correlation is observed. The resonance frequencies, the 
resonance amplitudes and width (damping) of the first eight modes are accurately estimated. 
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Table 4.6: Plate configurations and the material properties used for the numerical validation. 
Sandwich Plate: Lx=48mm; Ly=42mm; hl=6.44 mm; h2=0.25mm; h3=0.25 mm; 
El(Pa) = 2.1xl011 
E2 (Pa) = 8.0 x 1006 
E3(Pa)= 1.9x1011 
nul = 0.26 
nu2 = 0.45 
nu3 = 0.33 
pl(kg/m3) =1350 
p2(kg/m3)=1015 
p3(kg/m3) = 7900 
etal = 0. 
eta2 = 0.8 
eta3 = 0. 
partial treatment fibreglass plate 
i 
A 
o»s id, loa.d -
1 
A 
i 
«•- »>f 
Figure 4.16. A simply-supported plate with 
partial treatment 
Figure 4.17. Plate meshing with coupling 
elements 
420 520 
Frequency (Hz) 
Figure 4.18. Input mobility (dB) of a simply supported plate with partial treatment. Numerical 
validation: ( ) sandwich element; (—) Msc. Nastran 
104 
6) Sandwich laminated front of dash panel 
A typical front of dash panel is used in this example. Figure 4.19 depicts its geometry. The 
input (driving point) mobility is used as indicator. To validate the developed element, the 
calculation is compared to a commercial solver (MSC/NASTRAN). Two configurations will 
be compared: (i) constant properties core sandwich panel with free edge conditions and (ii) 
typical laminated steel panel in clamped edge conditions. The associated properties of the first 
and the second case are given in Table 4.7 and Table 4.8 respectively. In the second case, the 
core properties are frequency dependent and were taken from DMA data. The input mobility 
of the dash panel is calculated by the present finite element model and compared to 
MSC/NASTRAN. In the latter, both face sheets and viscoelastic core are modeled with solid 
elements. Figure 4.20 and Figure 4.21 show the used mesh for the two codes, respectively. 
The position of the point load is also shown in these figures. 
Figure 4.19 : Geometry of the studied dash panel 
Table 4.7: Free edge sandwich dash configuration and the associated material properties 
Properties 
Thickness (mm) 
Young's modulus (GPa) 
Poisson ratio 
Density (kg/m3) 
Loss factor 
Skin 
0.45 
210 
0.3 
7790 
0.0 
Core 
0.2 
2.1x10-' 
0.49 
1010 
0.5 
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Table 4.8: Clamped edge sandwich dash configuration and the associated material properties 
Properties 
Thickness (mm) 
Young's modulus (GPa) 
Poisson ratio 
Density (kg/m3) 
Loss factor 
Skin 
0.53 
210 
0.3 
7790 
0.0 
Core 
0.035 
DMA data 
0.49 
1010 
DMA data 
Figure 4.20 : Used mesh for the present 
model (2899 TRIA3 and 984 QUAD4 
elements) 
Figure 4.21 : Used mesh for 
MSC/NASTRAN model (29619 HEXA8 
elements) 
Figure 4.22 and Figure 4.23 present the comparison between the two models for the two 
configurations. Excellent correlation is observed for both configurations. Small differences are 
observed for the laminated steel configuration at high frequencies and this is traced to the rate 
of convergence of the two models and thus to the used meshes. It is important to note that the 
Computational expense of the developed element is a fraction of the cost of full 3D modeling 
using NASTRAN (35 minutes compared to 10 hours using a supercomputer with Xeon 3.6 
GFIz processors (2 CPUs/node)). 
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Frequency (Hz) 
Figure 4.22 : Input mobility of free-edge undamped sandwich panel; (—) 
sandwich element (FES); ( ) Msc. Nastran solid element 
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Figure 4.23 : Input mobility (dB) of clamped sandwich panel; (—) sandwich 
element (FES); ( ) Msc. Nastran solid element 
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Summary 
The element model developed previously for sandwich beams is extended to the vibration of 
unsymmetrical damped sandwich plates and shells. Two efficient finite element sandwich 
plates have been developed: refined rectangular and triangular elements having four and three 
corner nodes respectively. Each node of both elements contains seven degree of freedom. 
To enable the analysis with arbitrary orientation in three-dimensional space, two drilling 
degrees of freedom are added. A formulation with nine degree of freedom per node is 
employed. 
The present sandwich element is easy to interface with classical elements. Multiple validation 
examples, consisting of sandwich plates and shells with a variety of geometrical and 
mechanical properties, have been presented to demonstrate the validity and accuracy of the 
presented element in (i) estimating the modal resonance and (ii) the frequency response 
functions. Validations were performed versus numerical methods (Nastran). It can be 
concluded that the presented element is fast and accurate for the modeling of the studied 
laminated steels. 
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5 EXPERIMENTAL VALIDATION 
In this chapter, the developed model is validated by comparisons with a series of experiments 
on beams and plates and various configurations of sandwich panels in a coupled plate-cavity 
system. In the first series of tests, a free-free sandwich beam is considered. Excited at its 
center by a shaker, the center-beam's motion is measured. In the second series, a free-free 
plate excited at its center is considered. The input mobility is measured at its center using an 
impedance head. In the third series, in order to validate the developed elements in a 
vibroacoustic configuration closer to the case found in the automotive industry, a plate-cavity 
set-up was used. Three vibroacoustic indicators are measured: the input mobility, the mean 
quadratic velocity of the panel and the mean quadratic pressure in the cavity. 
5.1 Vibrating Beam Tests 
The set-up consists of a free-free sandwich beam (laminated steel beam) excited at its center. 
Figure 5.1 illustrates the test principle. Figure 5.2 show photos of the set-up. The excitation of 
the beam is provided by a 4810 B&K shaker connected to the test beam through an impedance 
head glued to the test beam. The shaker is driven by a pseudo-random signal and the input 
mobility is measured using the impedance head. The excitation signal and data acquisition are 
performed using B&K Pulse DAQ system (Hakansson, 1987). 
Figure 5.1 : Illustration of the experimental Figure 5.2 : Global view of the set-up: 
set-up: sandwich damped beam excited at its laser vibrometer, environmental chamber, 
center by an imposed normal displacement. shaker and beam 
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The considered beam is 400mm long and 25mm. The skins' elastic properties (0.5mm 
thickness) are assumed constant (conventional steel) over the frequency domain of interest. 
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Figure 5.3: Properties of the material used for the core 
The polymer's (0.08mm thickness) shear modulus and loss factor have been extracted from 
the material's nomogram at the test temperature; they are represented in Figure 5.3. In the 
simulation shown, the mass added by the impedance head (9g) is measured (complex mass) 
and taken into account. This consists of the measurement of the input mobility of the 
impedance head alone (Hakansson, 1987). 
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Figure 5.4 : Frequency response functions of the sandwich beam. Experimental data is 
compared to simulations by Finite Element Sandwich (FES) 
The measured input mobility is compared to simulated results in Figure 5.4. Very good 
correlation is observed. 
5.2 Free-free sandwich plate 
The performance of the developed element in modeling a free-free sandwich laminated steel 
plate is investigated first. The associated geometrical and physical parameters are presented in 
Table 5.1 and Figure 5.5. Both numerical and experimental validation is presented. The set-
up consists of a free plate excited at its center. Figure 5.6 shows photos of the test set-up. The 
plate is attached at its center to an electro-dynamic shaker using a threaded rod. The shaker is 
driven by a pseudo-random signal and the plate's input mobility is measured using an 
impedance head. The excitation and data acquisition are performed using a B&K Pulse DAQ 
system. Again the mass (12g) added by the impedance head and the used threaded rod to 
connect the plate to the shaker is measured and taken into account in the simulation. 
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Figure 5.5 : Properties of the material used for the core 
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Figure 5.6 : Experimental set-up: sandwich damped plate excited at its center by shaker. 
Tests are done at ambient temperature 
The developed Finite Element Sandwich (referred to as FES in the figures) is compared to the 
experimental results. The measured input mobility is plotted in Figure 5.7. Very good 
correlation is again observed. 
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Table 5.1: Plate configurations and the material properties for the material used 
Sandwich Plate: Lx=304.8mm; Ly=304.8mm; hl=h3=0.475 mm; h2=0.035mm 
E1=E3 = 2.1xlOI1(Pa) Vi = V3 = 0 . 2 6 pi = p2 = 7780 (kg/mJ) T|l = T l 3 = 0 . 
E2 = DMA data (Figure 5.5) v2 = 0.45 P2=1134(kg/m3) 
t)2 = DMA data 
(Figure 5.5) 
810 1010 
Frequency (Hz) 
Figure 5.7 : Input mobility of the sandwich plate. Numerical simulations (MSC/NASTRAN 
and Sandwich Finite Elements) vs. experimental results. 
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5.3 Sandwich plate backed cavity 
In order to validate the developed elements in a vibroacoustic configuration closer to the case 
found in an automotive environment, a plate-cavity set-up was used. 
5.3.1 Descr ipti on of the test bench 
The used cavity is shown in Figure 5.8. It is assumed rigid with internal dimensions of 110cm 
x 77cm x 85 cm. The total thickness of the walls is 10.16 cm. Walls are made with a 
multilayer of wood panels. The multilayer is constituted from the inside to the outside by one 
layer of 1.5875 cm MDF, plus 4 layers of plywood. The different layers are glued together 
with a damping adhesive (green glue), in order to increase the transmission loss of the box, 
especially at low to mid frequencies. A layer of 'Barrymat' sound deadener material is applied 
on the external face of the box. 
The internal surface is finished with a hardened varnish applied on the 1.5875 cm MDF panels 
in order to increase reverberation of acoustic waves into the box. The Cavity has two 
openings. In the first, a test panel is clamped. The second is used to access the cavity to (i) 
install up to 8 microphones inside the box (Figure 5.9) and (ii) add sound absorption to avoid 
coupling with the cavity during uncoupled modal tests (plate only, without cavity). During the 
latter tests, the box is opened and its walls are covered with absorbent materials. Both 
openings can be closed using caps of the same construction as the cavity walls. 
Figure 5.8 : Test box with test plate during 
modal testing (the cavity is open and treated 
with absorbent materials) 
Figure 5.9 : Microphones inside the box 
for mean quadratic pressure measurement 
(8 microphones) 
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5.3.2 Measurement setup 
The measurement set-up is summarized in Figure 5.10. The excitation of the panel is provided 
by a 4810 B&K shaker connected to the test panel through a dampened stinger and an 
impedance head glued to the test panel, as shown in Figure 5.12. The test area of the panel 
(area radiating in the cavity) is 50cm x 30cm. The excitation point is located at a position of 
(5,5) cm measured from the left upper corner of the plate (Figure 5.13). The excitation signal 
is a random noise. The signal is reinforced at high frequencies via an equalizer. 
Three vibroacoustic indicators (Figure 5.11) are measured: the input mobility, the mean 
quadratic velocity of the panel and the mean quadratic pressure in the cavity. The first two are 
related to the vibration performance of the panel and the third to its acoustic performance. 
The input mobility is measured by dividing the integrated signal coming from the 
accelerometer of the impedance head by the force signal coming from the force transducer of 
the impedance head. 
The mean quadratic pressure inside the box is measured with 8 microphones, randomly 
installed inside the box (Figure 5.9). It is calculated with the following formula: 
p 
F V-i EL F 
With p/F being the FRF measured between the pressure on the i point and the excitation 
force and N, the number of measurements points. 
The mean quadratic velocity of the plate is measured with a scanning Laser vibrometer using a 
mesh of 33 points, uniformly distributed on the surface of the test panel. It is calculated with 
the following formula: 
V 
~F / 2Ntt 
YL 
F 
With v/F being the FRF measured between the velocity on the i point and the excitation 
force and N, the number of measurements points. 
All the data are recorded and processed with a B&K Pulse data acquisition system. 
Calculation of the vibroacoustic parameters is performed with an in-house Matlab script. 
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Figure 5.10 : Description of measurement setup 
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Figure 5.11 Vibroacoustic indicators 
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ure 5.12 : Impedance head glued to the 
plate 
Figure 5.13 : View of the plate once 
installed on the cavity and the mesh used 
for vibration measurement 
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5.3.3 Boundary conditions 
Clamped boundary conditions were chosen to facilitate comparison between simulations and 
measurements without recourse to the modeling of the installation frame. However, in 
practice, a perfect clamped condition is difficult to reproduce. For instance, our first setup was 
performed by installing the plate between two 9.525 mm steel frames, clamped by a set of 10 
manual clamps disposed all around the plate. 
Several mounting frame set-ups were tried and the final design consisted of inserting the test 
plate between two 19.05 mm thick steel frames, bolted together through 40 holes. The frames 
are machined in order to clamp the plate between two lips (Figure 5.14 and Figure 5.15). This 
setup allows for a better control of the clamping load all around the test plate. 40 bolts are 
used to ensure sufficient clamping. The bolts are inserted in such a manner that the load on the 
frame remains constant all around the plate. A drill with a clutch is used to control the 
tightness. Finally, the mounting frame is installed in the cavity opening and clamped using 
another thick aluminum frame, fastened to the cavity wall by 18 heavy duty clamps (Figure 
5.8). 
* Boltx 40 
Figure 5.14 : Principle of the clamping frame 
# **•!'';.-# 'T* " • W 
"'A 
Figure 5.15 : view frame and plate before assembly (left) and overall thickness of the 
clamping frame (right): two steel frame; 19mm thick each. 
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5.3.4 Validation of the test bench 
A 1mm thick steel plate was tested and modeled using the in-house FE code NOVAFEM 
(Mecanum/GAUS (Spin-off of the U. Sherbrooke), 2007) to validate the designed test bench. 
Figure 5.16 shows the quadratic velocity measured on the steel plate compared to the 
numerical response. The simulation assumes clamped conditions and use modal damping for 
both the plate and the cavity. In the following simulation, the mass added by the impedance 
head (9g) is taken into account. 
The correlation between measurement and simulation is very good up to 500 Hz. Above this 
frequency the correlation remains fair. 
The results for the pressure inside the cavity are given in Figure 5.17. The correlation is very 
good especially at low frequencies and the tendencies are all recovered at higher frequencies. 
M e a s u r e m e n t 
""""^Prediction 
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Figure 5.16 : Quadratic velocity of a 1 mm steel plate: prediction (NOVAFEM) 
vs. experiments 
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Figure 5.17 : Quadratic pressure of a 1 mm steel plate backed cavity: prediction 
(NovaFEM) vs. experiments 
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5.3.5 Sandwich plates results 
Figure 5.18: Geometry of the plate-cavity Figure 5.19: Finite element mesh and 
location of the excitation 
First, a comparison of the developed element with MSC/NASTRAN is presented. A finite 
element model of the plate-cavity configuration was built using NOVAFEM which integrates 
the developed sandwich elements (FES). Figure 5.19 shows the used mesh and the location of 
the excitation. The simulation assumes clamped conditions. The present model uses a mesh of 
20x18 quad 4 sandwich elements for the plate and 26x28x40 Hexa8 elements for the cavity. 
The Nastran model uses 30x18 HEXA20 solid elements for each of three plate' layers and 
25x23x28 Hexa20 for the cavity. In both cases, the frequency-dependent core properties, 
measured using a DMA (Figure 5.5), are used for the core and the measured modal damping is 
used for the cavity. The associated properties are given in Table 5.1. A direct response 
approach is used in both codes. Results are shown in Figure 5.20 and Figure 5.21. The 
correlation between the two codes is excellent. In addition, the present model uses a fraction 
of the computational cost of MSC/NASTRAN (2 hours compared to 45 hours using a 
supercomputer with Xeon 3.6 GHz processors (2 CPUs/node). 
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Figure 5.20 : Quadratic velocity of laminated steel in the plate backed cavity configuration: 
FES vs. Nastran 
Frequency (Hz) 
Figure 5.21 : Quadratic pressure of laminated steel in the plate backed cavity configuration: 
FES vs. Nastran 
Second, the developed model is compared with experimental results. Three indicators are 
compared: the input mobility, the quadratic velocity and the quadratic pressure. The results are 
given in Figure 5.22 to Figure 5.24. The correlation between measurement and simulation for 
the quadratic velocity is very good especially at low frequencies. At high frequencies, the 
tendencies are well recovered. The differences are traced to the properties of the core used for 
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the viscoelastic core. It is however very good for the input mobility at all frequency ranges. 
The correlation of the pressure inside the cavity is much better. It is even excellent at low 
frequencies and the tendencies are all recovered at higher frequencies. This is an excellent 
result, keeping in mind the high modal density of the cavity (the cavity's Schroeder's cut-off 
frequency is around 1700 Hz). 
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Figure 5.22 : Input mobility of laminated steel in the plate backed cavity configuration: FES 
vs. experiments 
Ffuituentv (Hi) 
Figure 5.23 : Quadratic velocity of laminated steel in the plate backed cavity configuration: 
FES vs. experiments 
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Figure 5.24 : Quadratic pressure of laminated steel in the plate backed cavity configuration: 
FES vs. experiments 
Summary 
The above tests were modeled using the in-house solver NOVAFEM and the developed 
sandwich element. The comparison was found in good agreements for both the vibration and 
acoustic indicators. Comparison with NASTRAN, using the classical modeling strategy for 
sandwich panels, was also presented to prove the accuracy and computational efficiency of the 
developed element. These validations authorize the use of the developed tools to conduct a 
parameters and optimization studies on laminated steel. The use of NOVAFEM allows in 
particular for accurate modeling of the sound package (single wall and double wall 
configurations with foam, fibers, etc.). This will be difficult to do with commercial software 
such as NASTRAN). This will be the subject of the next chapter. 
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6 NUMERICAL STUDIES 
This chapter illustrates various practical applications of the developed elements. First, in order 
to study the effects of skin and core properties on the structure-borne performance of 
laminated steels, a numerical parameter study was performed using the developed element. 
Skin and core properties and layer thickness effects on the radiation power, as well as 
quadratic velocity, are studied. The configuration consists of a baffled MPM plate radiating in 
free space. 
The properties of the materials used are given in Table 6.4. In all the configurations, the panel 
is assumed clamped and excited by a point load. The panel is 0.5m x 0.3m. 
The properties of the materials used for the core, at ambient temperature 25°C, are given in 
Figure 6.1. 
The properties of the core material 'Vised' is considered in all sections, unless otherwise 
specified. 
Next, the comparison of the vibration response of a shaped panel (Dash panel) is used to 
compare laminated panels with different core materials. Finally, examples are shown to 
illustrate the performance of a laminated steel panel with added sound packages. All 
calculation are done using the in-house code NOVAFEM where laminated panels and 
constrained layer damping is modeled using the elements developed in this work. 
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6.1 Thickness effects 
6.1.1 Skin thickness effects 
The quadratic velocity, the radiation power and the radiation efficiency are computed for 
different skins thicknesses ranging from 0.4 mm to 0.6 mm. The thickness of the core is kept 
constant at 0.035 mm. The results are represented in Figure 6.2 for the vibration response, in 
Figure 6.3 for the radiation power and in Figure 6.4 for the radiation efficiency. First, the 
results show that laminated steels have a much lower vibration response and acoustic radiation 
compared to conventional steel. Second, findings indicate, as expected, that the configurations 
with thicker skins seem to be the best in terms of quadratic velocity (Figure 6.2). The effect on 
the radiation power (Figure 6.3) shows that not all the observed vibration performance is 
recovered in the emitted noise. The performance is preserved mainly at low frequencies. This 
is seen by examining the radiation efficiency of the plates, represented in Figure 6.4. 
Remember that the maximum radiation efficiency is obtained after the critical frequency. 
For a homogeneous panel in bending, the critical frequency is given by: 
With: 
m: surface mass (kg I m2) 
c0: speed of sound (/w/s) 
D= fh „ (7.2) 
12(l-v2) V } 
With: 
E: Young's modulus (NI' m2) 
v: Poisson's ratio 
h: thickness(m) 
Accordingly, there is more acoustic radiation at higher frequencies for the thicker skin panels. 
However, at high frequency, the effect on the radiation power is negligible due to the gain in 
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vibration performance, as explained by the relationship between radiation power, radiation 
efficiency and quadratic velocity: 
<y = n rad 
PoC0A{v2) 
With: 
a: radiation efficiency 
Tlrad: radiated power 
(v2 \: quadratic velocity 
A: Area of the panel 
p0: density of air 
c0: speed of sound in air 
(7.3) 
Skins' thickness effect 
h core=0.035 mm 
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Figure 6.2 : Skins' thickness effect on the quadratic velocity 
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Figure 6.3 : Skins' thickness effect on the radiation power 
Skins' thickness effect 
h core=0.035 mm 
— h=0.4mm 
h=0.45 mm 
h=0.5 mm 
h=0.55mm 
— h=0.6mm 
Frequency (Hz) 
Figure 6.4 : Skins' thickness effect on the radiation efficiency 
6.1.2 Core thickness effects 
The vibration and acoustic responses of the panels are computed for different core thicknesses 
ranging from 30 urn to 1 mm. The thicknesses of the skins are kept constant at 0.53 mm. The 
results are represented in Figure 6.5 for the vibration response and in Figure 6.6 and Figure 
6.7 for the acoustic response. 
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Cores' thickness effect 
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Figure 6.5 : Core thickness effect on the quadratic velocity 
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Figure 6.6 : Core thickness effect on the radiation power 
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Cores' thickness effect 
h skin=0.53 mm 
Frequency (Hz) 
Figure 6.7 : Core thickness effect on the radiation efficiency 
The performance is seen to be dependent on the ratio of the skin to core thickness. When the 
thickness of the core is less than the thickness of the skin, the configuration with the thinner 
core provides the best results, in terms of vibration performance. The effect is somehow 
reversed when the thickness of the core is greater than the thickness of the skins. However, the 
influence of the core's thickness is small in this latter case. In terms of the radiation power, the 
influence of the core's thickness is small, especially at higher frequencies (Figure 6.6 and 
Figure 6.7). 
In general, the core effect will depend on its stiffness. To illustrate this, two other cases are 
considered. The first considers a soft core with high damping (Visco3). It is closer to the 
material used previously. The second considers a stiff core with lower damping (Visco2). The 
results for the soft core are represented in Figure 6.8 for the vibration response and in Figure 
6.9 and Figure 6.10 for the acoustic response. Again, the performance is similar to the 
previous case (= dependent on the ratio of the skin to core thickness). 
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Cores' thickness effect 
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Figure 6.8 : Soft core's thickness effect on the quadratic velocity 
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Figure 6.9 : Soft core's thickness effect on the radiation power 
131 
Cores' thickness effect 
h skin=0.53 mm 
Frequency (Hz) 
Figure 6.10 : Soft core's thickness effect on the radiation efficiency 
The results for the stiff core are represented in Figure 6.11 for the vibration response and in 
Figure 6.12 and Figure 6.13 for the acoustic response. Here things are simpler and predictable. 
The configuration with the thicker core depicts the best performance, in terms of quadratic 
velocity and radiation power. 
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Figure 6.11 : Stiff core's thickness effect on the Quadratic velocity 
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Figure 6.12 : Stiff core's thickness effect on the radiation power 
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Figure 6.13 : Stiff core's thickness effect on the radiation efficiency 
6.1.3 Skin thickness ratio effect 
A non symmetric sandwich is considered. The bottom skin is left at a constant thickness of 
0.5mm while the top skin's thickness is varied from 0.1mm to 0.7mm. The thickness of the 
core is 0.035 mm. As expected, the configuration with the thicker constraining skin seems to 
be the best in terms of both the quadratic velocity (Figure 6.14) and radiation power (Figure 
6.15). In the frequency range of the study, the increase of the radiation efficiency with 
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thickness (Figure 6.16) is not sufficient to upset the gain in the vibration levels. This explains 
the observed decrease of radiation power with thickness. 
constraining layer thickness effect 
h_skin1=0.5 mm 
h visco=0.035 mm 
1600 
Frequency (Hz) 
Figure 6.14 : Effect of top skin thickness on the quadratic velocity 
constraining layer thickness effect 
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h=0.5 mm 
h=0.6 mm 
h=0.7 mm 
1600 
Frequency (Hz) 
Figure 6.15 : Effect of top skin thickness on the radiation power 
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constraining layer thickness effect 
h_skin1=0.5 mm 
h visco=0.036 mm 
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Figure 6.16 : Effect of top skin thickness on the radiation efficiency 
6.2 Temperature effects 
In this section, the effect of temperature on the structure borne response of the plate is 
illustrated. The results are given in Figure 6.17 for the vibration response and Figure 6.18 for 
the acoustic response. As expected, the large variation of the core's damping at different 
temperatures influences the resonant response of the panel. In line with the studied material's 
frequency-temperature nomogram, the best performance is observed around 20°C. 
-70 J , , , , ,— 
100 600 1100 1600 2100 2600 
Frequency (Hz) 
Figure 6.17 : Effect of temperature on the quadratic velocity 
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Figure 6.18: Effect of temperature on the radiation power 
6.3 Geometry effects 
So far, all results were made using a 0.5m x0.3m panel (selected to match the plate-cavity test 
case). However, it is known that the panel's dimension will have an effect on the results, since 
it controls the modal density of the panel. The latter is given by: 
( \ A \m n(co) = — J — 
With: 
(7.4) 
D: bending stiffness (N.m) 
m : surface mass density (kg/m2 J 
A: area of the panel 
The larger the panel, the higher is its modal density. Moreover, the length to width ratio will 
also affect the distribution of modes. Remember that the natural frequencies of a rectangular 
plate in bending are proportional to (the proportionality coefficients depend on the length to 
width ratio of the plate and the boundary conditions): 
f =£. £ 
2n\m 
(7.5) 
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With kmn : modal wavenumber (dimension and BC dependent). 
Finally, remember from Eq.(7.3), that the size of the panel will affect the radiation power 
(increase or decrease of the radiation surface). This section is not intended to present a 
comprehensive and systematic study on this effect, but mainly to illustrate it for few 
configurations. The selected plate's dimensions are given in Table 6.1. Visco 1 is used in the 
simulation. The thickness of the skin and the core are 0.5mm and 0.035mm, respectively. 
Results show that the best performance in terms of quadratic velocity is provided by the 
configuration having the largest plate dimensions (Figure 6.19). Note that a multiplication by 
two of the plate dimension dimensions (A=2a x 2b) decreases the response by 6 dB, in line 
with the energy balance equation (or simply the plate impedance equation): 
U) = J^-JFX ' (7.6) 
x
 ' corjmA 8-JmD corjmA 
With: 
/ v2): space and frequency averaged quadratic velocity 
n,„ : space and frequency averaged input power 
\F2): space and frequency averaged input force 
77: panel's damping 
However, in terms of the radiation power, the effect of the plate dimension is negligible 
(Figure 6.20). This is explained by the fact that the gain in vibration is offset by the increase 
of the surface of radiation, the radiation efficiency being almost size independent (Figure 
6.21). 
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Table 6.1 : Geometrical properties of studied configurations 
Configuration 
6 
7 
8 
9 
Plate dimensions 
(m) 
Length 
0.25 
0.5 
1 
2 
Width 
0.15 
0.3 
0.6 
1.2 
Core 
thickness (mm) 
0.035 
0.035 
0.035 
0.035 
Skin 
thickness 
(mm) 
0.53 
0.53 
0.53 
0.53 
0 
-10 
-20 
-30 
CQ 
•o 
* -40 
u 
O 
3 -50 
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re 
3 
o 
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Figure 6.19 : Effect of plate's dimension on the quadratic velocity 
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Figure 6.20 : Effect of plate's dimension on the radiation power 
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Figure 6.21 : Effect of plate's dimension on the radiation efficiency 
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6.4 Surface coverage effects 
In the present section, a clamped base plate is partially covered with a constrained layer 
damping treatment. The influence of the percentage cover area is studied. 
The geometrical and physical parameters of the plate are presented in Figure 6.22 and Table 
6.2, respectively. 
Table 6.2: Plate configurations and properties of material used. 
Sandwich Plate: Lx=500 mm; Ly=300 mm; hl=h3=0.53 mm; h2=0.035mm 
Ei = E3 = 2.1xl011(Pa) 
E2 = DMA data 
nui = 11113 0.3 
nu2 = 0.49 
P l = P l = 7780 (kg/in3) 
p2 = 1134(kg/m3) 
etai = 0. 
eta2 = DMA data 
0.5 m 
Partial treatment 
Steel plate 
0.05 m 
load 
25% 
mm 
75% 
0.3 m 
Figure 6.22 : Clamped sandwich plate with partial treatment 
The vibration and acoustic response of the plate is computed for different surface coverage: 
25%, 50%, 75% and 100%. Figure 6.22 presents the position of the surface coverage. 
The results are represented in Figure 6.23 for the vibration response and in Figure 6.24 and 
Figure 6.25 for the acoustic response. 
Observations show that increasing the surface of treatment depicts the best performance in 
terms of quadratic velocity. Figure 6.23 and Figure 6.24 shows that increasing the surface of 
treatment by just 25%; procures an interesting average gain of 20db. Beyond 50%, the gain is 
negligible for both acoustic and vibration performance, especially at high frequencies. 
140 
This corroborates the known design rule that it is not necessary to fully cover the panel to 
obtain better performance. However, the position of the coverage is of utmost importance. 
This is illustrated in the next section. 
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Figure 6.23 : Effect of the surface treatment on the quadratic velocity 
Frequency [HE) 
Figure 6.24 : Effect of the surface treatment on the radiation power 
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Figure 6.25 : Effect of the surface treatment on the radiation efficiency 
6.5 Position coverage effects 
A clamped steel plate with five positions of viscoelastic treatment is considered here (as 
shown in Figure 6.26). The steel and viscoelastic properties are presented in Table 6.2. The 
Young" s modulus and damping loss factor of viscoelasticity are considered constant over the 
frequency range. The excitation point is located at a position of (5,5) cm from the left bottom 
corner of the plate, as shown in Figure 6.27. 
Table 6.3: Plate configurations and properties of material used. 
Sandwich Plate: Lx=500 mm; Ly=300 mm; hl=h3=0.53 mm; h2=0.035mm 
E, = E3 = 2 . 1 x l 0 H ( P a ) 
E2 = = 2 .1x l0 6 (Pa ) 
nui = mi3= 0.3 
nu2 = 0.49 
P l = pi = 7780 (kg/mJ) 
p2=1134(kg/m-5) 
etai = 0. 
eta2 = 0.5 
The length of the partial coverage is (10, 10) cm for all cases. 
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Figure 6.26 : Clamped sandwich plate with surface coverage in different positions 
Figure 6.28 and Figure 6.29 present the quadratic velocity of the plate for the different 
positions of surface coverage (position 2, 3, 4, 5 and 6). Observations show that the position 
of the patch has an influence on the plate's response at low frequencies (where the dimension 
of the surface of coverage is less than the dimension of the wave length). At high frequencies, 
the effect is negligible, as shown in Figure 6.29 (the dimension of the surface of coverage is 
larger than the dimension of the wave length). 
Figure 6.30 and Figure 6.32 present a zoom of figure 6.28, in the frequency range of 30 to 50 
Hz and 50 to 65 Ffz of Figure 6.28 for the first and the second mode (modes 1.1 and 2.1). It 
can be seen that the cases corresponding to the position 4 and 5 seems to be the best in terms 
of quadratic velocity for the first mode, and position 2 and 3 for the second mode. This is in 
line with the fact that the strain energy of the base plate in those positions is higher, as shown 
in Figure 6.31 and Figure 6.33. 
F • 
m 
Figure 6.27 : Excitation locations in the plate (under and outside the surface of coverage) 
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Frequency(Hz) 
Figure 6.28 : Quadratic velocity of the plate for the different positions of the surface coverage 
3rd octavefrequency (Hz) 
Figure 6.29 : Quadratic velocity of the plate for the different positions of the surface coverage 
(third octave frequency) 
144 
40 
FmjtKmtylHj) 
Figure 6.30 First mode (1.1) of the covered plate 
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Figure 6.31 Distribution of the strain energy density of the base plate for the first mode (mode 
1.1) 
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Figure 6.32 Second mode (2.1) of the covered plate 
mm 
A 
4 
Figure 6.33 Distribution of the strain energy density of the base plate for the second mode 
(mode 2.1) 
Figure 6.34 shows the comparison between two configurations of excitation: excitation under 
the surface of coverage and excitation in the opposite corner of the surface of coverage 
(Figure 6.27). Observations show that the first configuration seems to be the best, in terms of 
quadratic velocity, especially at high frequency. 
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Figure 6.34 : Quadratic velocity of the plate for the three different positions of the surface 
coverage (third octave frequency) 
6.6 Performance of steel versus laminated dash panel 
The previous dash model described in section 4.4 (Figure 4.20)] in its clamped configuration 
is used to compare the performance of various MPM panels to steel. The properties of the 
panels are given in Table 6.4. 
Table 6.4: Properties of material used for the numerical validation 
Material 
Steel 
/ . ; M a t i ; « 
•••..'. M a t 2 ; ; - V ' . • 
Mat3 
Young's Modulus 
210 
Core: DMA data 
(viscol in Figure 6.1) 
Core: DMA data 
(visco2 in Figure 6.1) 
Core: DMA data 
(visco3 Figure 6.1) 
Poisson's 
coefficient 
0,32 
0,49 
0,49 
0.49 
Density 
(kg/V) 
7 840 
1 010 
1220 
1 134 
Thickness 
(mm) 
1.1 
.53/.035/.53 
0.52/.039/.52 
.475/.035/.475 
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The results of the comparison are shown in Figure 6.35 for the space-averaged quadratic 
velocity and in Figure 6.36 for the input mobility. Observations show that the laminated panel 
is heavily damped and modal behaviour is observed mainly at low frequencies. The reduction 
of the vibration level is 15 dB around 500 Hz and 20 dB around 2500 Hz. 
Results show that below frequency 2000 Hz, all materials display identical behaviour. With 
frequencies over 2000 Hz, Mat3 has a slightly lower vibration performance compared to the 
rest. These results are in line with the flat panel results (non shaped panel). 
Matt 
— M a t 2 
— M a t 3 
steel 1.1 
D BOD 1000 1500 2000 2500 3000 
Frequ»ey(Hl| 
Figure 6.35 Quadratic velocity (dB) of the steel panel compared to the laminated 
panels 
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Figure 6.36 : Input mobility (dB) of the steel panel compared to the laminated 
panels 
6.7 Noise radiation by laminated sandwich panel with sound packages 
This section presents a numerical study comparing the noise radiation into a rectangular 
enclosure (1100 mm of depth) by a laminated sandwich panel with sound packages to a steel 
panel. The studied panels are 1500x600 mm and assumed clamped. 
Three typical dash panels' sound packages (SP) are studied. They are described in Figure 
6.38. The thickness, surface mass and physical properties of the panels and sound packages 
are given in Table 6.5 and Table 6.6. The properties of the lay-ups of the sound packages are 
listed in Table 6.7. Perfect bonding is assumed between the sound package and the panel. The 
total thickness of each acoustic treatment is 30mm. The used porous materials are typical of 
dash insulators. These acoustical materials can be modeled in three ways: i.e., rigid, elastic 
and limp, depending on whether the bulk Young's modulus of the material's solid phase is 
greater, smaller, or of the same order as the fluid Bulk modulus. 
The sound packages are of comparable thickness with three types of construction: (i) single 
walls with compressed layers (SP1), (ii) single wall lightweight with a highly resistive screen 
(SP2), (iii) double wall construction using impervious heavy layer (SP3). 
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The cavity beneath the panel is assumed to be acoustically sealed. For the sandwich panel, the 
face sheets are assumed to be steel, whereas the core is assumed to be a lightweight low 
modulus viscoelastic material whose properties depend on frequency (viscol material in 
Figure 6.1). Its dimensions and material properties are presented in Table 6.5. 
Two types of excitation are considered: 
• Structure-borne excitation which consists of a point load located at a position of 
(5.5) cm measured from the left upper corner of the panel. The finite element model of the 
panel-cavity uses a mesh of 75x30 sandwich elements (FES) for the plate and 75x30x30 
HEXA8 elements for the cavity. 
The modeling of the sound packages is performed using the in-house FEM/BEM (NovaFem), 
which integrates the developed sandwich element (FES). 
• Airborne excitation Here the transmission loss problem is considered using a diffuse 
acoustic field, of which the limit incident angles are 0 to 78 degrees. The modeling 
methodology is based on Statistical Energy Analysis (SEA) (Lyon et DeJong, 1995). 
All the indicators are classically calculated using the Transfer Matrix Method (TMM) and the 
NOVA package (ESI-group (www.esi-group.com), 2006) . This method, also known as the 
impedance method, is widely used for airborne excitation of multilayer systems and is well 
documented, (Allard, 1993; Atalla, 2005). 
The Noise reduction, defined by the ratio of the energy (SPL) levels of the source and receiver 
rooms, is calculated and the transmission loss evaluated using the following formula (Shorter, 
2001): 
c 
7I = 101og10 
With 
Aa> 
%x\r}rf 
f f A 
V -^3 ni J 
\ 
(7.7) 
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A: Panel area 
Ex: Energy in the source roum 
E3: Acoustic energy in the receiver room 
«,: Modal density in the source room 
«3: Modal density in the receiver room 
rj3: Damping loss factor in the receiver room 
Cj: Speed of sound in the source room 
co: Circular frequency 
Table 6.5: Properties and critical frequencies of the steel and sandwich panels 
Material 
Steel 
Sandwich : 
Young's 
Modulus 
(GPa) 
210 
Skin: 210 
Core : DMA 
Poisson's 
coefficient 
0,33 
Skin : 0,33 
Core : 0.49 
Density 
(kg/mJ) 
7 840 
Skin : 7 840 
Core: 1134 
Thickness 
(mm) 
1.1 
Skin : 0.53 
Core : 0.035 
Loss factor 
(%) 
0.7 
Skin : 0% 
Core: DMA 
Surface 
mass 
(kg/m 2 ) 
8.62 
8.35 
Critical 
frequency 
(Hz) 
11000 
14000 
Figure 6.37 : Geometry of cavity and sandwich panel 
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Sound Package 1 
Dash Insulator soft layer (5 mm) 
•. Felt Layer (25 mm) * -
Sound Package 2 
Felt layer (26 mm) 
Hon- woven screen (9.4 mm) 
Dash Absorber (10 ram) 
Sound Package 3 
Felt layer (20 mm) 
Light Heavy impervious layer (*,S mm) 
-
 s * Dash Absorber (1<V mfn| . \ \ 
Figure 6.38 : Illustrations of the sound packages studied 
Table 6.6: Thickness and surface mass of the sound packages studied 
Configurations 
Sound Package 1 
Sound Package2 
Sound Package3 
Thickness (mm) 
30 
30.4 
30.5 
Surface Mass (kg/m2) 
2.78 
2.3 
2.45 
Table 6.7 : Material properties of the sound packages studied 
-e
-
P 
a 
CXco 
A 
A ' 
E 
i\ 
V 
Material properties 
Porosity 
Bulk density (kg/m3) 
Flow resistivity 
(Ns/m4) 
Geometrical 
tortuosity 
Viscous length (urn) 
Thermal length (um) 
Young's modulus 
(N/m2) 
Loss factor 
Poisson's ratio 
Dash Insulator 
soft layer 
0.90 
200 
70000 
1.00 
60 
120 
50000 
0.2 
0.1 
Dash 
absorber 
0.98 
60 
20000 
1.1 
75 
95 
90000 
0.05 
0.1 
Felt 
Layer 
0.95 
80 
15000 
1.00 
95 
110 
50000 
0.1 
0.1 
Microfiber non-
woven screen 
0.95 
250 
1500000 
1 
30 
60 
10000 
0.01 
0.1 
Light Heavy Layer 
(250 g/m2) 
500 
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Results 
• Structure-borne excitation 
The performance is measured using the noise reduction (NR) which is defined for a given 
configuration as the difference in the cavity SPL with and without the sound package. The 
results are in Figure 6.39 to Figure 6.41. The single wall (SWL) sound packages (SP1 and 
SP2) depict no significant gain at low frequency (below 500 Hz). At high frequencies, NR 
increases between 15 and 25 dB. On the other hand, the double wall (DWL) sound packages 
(SP3) improve the gain at all frequency ranges. The later result is verified through computing 
the structure borne insertion loss in the section 6.8. 
A comparison between steel treatments and sandwich treatments for noise reduction is shown 
in Figure 6.41 to Figure 6.43. It can be seen that the NR obtained from the steel treatment is 
higher than the sandwich treatment (5 dB for all cases). Note that the steel panel is also highly 
damped due to the addition of the sound package (assumed perfectly bonded). Recall that the 
SPL inside the cavity in the case of the sandwich panel is smaller than the SPL in the 
configuration of the steel panel without treatment as shown in Figure 6.44. 
Figure 6.39: Noise reduction by steel panel with acoustic treatments 
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Figure 6.40: Noise reduction by sandwich panel with acoustic treatments 
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Figure 6.41: Noise reduction: comparisons between steel and sandwich panels with acoustic 
treatments 1 
154 
3500 2000 
i / 3 octev» fr«qu*rKV (Hi) 
Figure 6.42: Noise reduction: comparisons between steel and sandwich panels with acoustic 
treatments 2 
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Figure 6.43: Noise reduction: comparisons between steel and sandwich panels with acoustic 
treatments 3 
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Figure 6.44: Sound pressure level inside the cavity: comparison between sandwich panel and 
steel panel. 
• Airborne excitation 
First, the transmission loss of the steel and sandwich panels is compared in Figure 6.45 to 
Figure 6.49. Remember that the TL curve of a flat panel is mainly controlled by mass (note 
that the panels have approximately an equivalent mass) until it reaches its critical frequency. 
Above this frequency, the TL is controlled by the damping and stiffness. As seen in these 
figures, adding damping is very crucial. This is illustrated in the sandwich panel configuration 
where the critical frequency dip is less pronounced and shifted to the right-hand side. Above 
this dip, the TL of the sandwich panel is the highest due to the change of the slope above the 
critical frequency. Note that the observed critical frequency for the sandwich is governed by 
the 0.53 mm thickness of the skin. 
The effect of the added sound packages is illustrated in Figure 6.45 and Figure 6.46. The 
single wall (SWL) sound packages (SP1 and SP2) improve the TL mainly at mid to high 
frequencies. Note the best performance is achieved by SP2 which uses an inner resistive layer 
(non-woven resistive layer). On the other hand, the double wall (DWL) sound packages (SP3) 
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depict a double wall resonance (DWR). Below this frequency, mass controls; above it, the TL 
oscillates between the DWR and the critical frequency. 
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Figure 6.45: Transmission loss for a steel panel with acoustic treatments 
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Figure 6.46: Transmission loss for a sandwich panel with acoustic treatments 
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Figure 6.47: Transmission loss: comparisons between steel and sandwich panels with acoustic 
treatments 1 
Figure 6.48: Transmission loss: comparisons between steel and sandwich panels with acoustic 
treatments 2 
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Figure 6.49: Transmission loss: comparisons between steel and sandwich panels with acoustic 
treatments 3 
6.8 Evaluating of structure borne insertion loss and airborne insertion loss 
of the sound package components 
In this part, methods of air-borne and structure-borne sound transmission-loss evaluation are 
used in parallel to assess the sound package performance cited previously. 
The modeling methodology is performed using the in-house FEM/BEM (NovaFem) for both 
methods, which integrates the sandwich element (FES). 
The airborne insertion loss (ABIL) is usually obtained by subtracting the transmission loss 
(TL) of a bare flat plate from the TL of the same plate covered with the trim material: 
ABIL=TLMm-TLbare (7.8) 
While airborne insertion loss is based solely on acoustic excitations (diffuse acoustic field), 
the structure borne insertion loss is based on point loads excitation randomly positioned on a 
rectangular plate. The structure borne insertion loss is computed for each excitation position 
and, at the end, an average over all locations is performed. 
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Evaluating the structure borne insertion loss (SBEL) is conceptually similar to the process of 
obtaining the airborne insertion loss where transmission loss factor is used (Nelisse & al., 
2003). 
The SBIL is obtained by taking the ratio of the acoustical-mechanical conversion efficiencies 
obtained with and without the trim material (or, in db, taking the difference). 
The acoustical-mechanical conversion efficiency (Beranek, 1992) is defined by taking the 
ratio of the acoustic radiation power to the mechanical input power. 
The mechanical input power is calculated from the force and velocity at the excitation point. It 
is important to use the real part of the complex product which stands for the input power 
(effective power). 
SBIL can then be defined as: 
SBIL =101og1 
f n A input 
V radiated J 
-101og 1 ( 
f
 n ^ 
input 
V radiated ) bare 
(7.9) 
Results 
Using the procedure described earlier, the structure borne insertion loss (SBIL) and airborne 
insertion loss (ABIL) were computed using equations (7.9) and (7.8) respectively. Results for 
different treatments of sound package, using the bare sheet steel and sandwich panels, are 
shown in Figure 6.50 to Figure 6.53. It can be seen that the tendencies are similar as found 
previously (section 6.7). 
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Figure 6.50. Structure Borne Insertion Loss for steel panels with different sound packages 
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Figure 6.51. Structure Borne Insertion Loss for sandwich panels with different sound 
packages 
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Figure 6.52. Airborne Insertion Loss for steel panels with different sound packages 
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Figure 6.53. Airborne Insertion Loss for sandwich panels with different sound packages 
On the other hand, a comparison between SBIL and ABIL are shown in Figure 6.54 and 
Figure 6.55. For the case of single wall (SWL) sound package (SP1 and SP2), the SBIL is 
found similar to the ABIL throughout the whole frequency range, especially when a sandwich 
MPM panel is used, as shown in Figure 6.54. Note that the steel panel is also highly damped 
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due to the addition of the sound package (assumed perfectly bonded). For the case of double 
wall (DWL) sound package, the SBIL is found higher for frequencies below 2000 Hz and 
tends to be similar above 2000 Hz. The difference seems much larger around the double wall 
resonance. This is in accordance with the large performance reported for the noise insertion 
loss (Figure 6.39 and Figure 6.40 ); even if the latter seem, to be unattainable practically. 
For the SWL configuration, the obtained results corroborate the test-based conclusion of 
Nelisse et al. (Nelisse & al., 2003) that the SBIL and ABIL are similar for highly damped 
systems, and that in general the difference between the two is mainly important for resonant 
systems (bare panel or panel with a lightweight sound package), especially at low frequencies. 
The results reported with sound package 3 shows that even for highly damped systems, the 
differences are important in the double wall resonance region. 
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Summary 
A numerical parameter study was performed on laminated steels using the developed element. 
The effects of various parameters on the vibration and radiation of such structures under both 
structure-borne and airborne excitations were studied. These parameters include thicknesses of 
the individual layers, temperature, geometry, surface of treatment and sound package 
components. 
First, it shows that laminated steels have a much lower vibration response and acoustic 
radiation compared to conventional steel. Second, the thickness of each layer has a significant 
effect on the vibro-acoustic performance of such structures. The surface of treatment also has 
a significant effect, since it is not necessary to fully cover the panel to improve performance. 
On the other hand, NVH simulations were conducted on laminated steel panels and compared 
to steel panels with an equivalent surface mass. Both configurations were created by adding 
sound packages (equal mass). The sandwich configuration has the added benefit of increasing 
the TL of the panel, due to its high inherent damping. The study also illustrates the 
performance of a sound package based on the use of a porous highly-resistive screen. 
In addition, methods of air-bome and structure-borne sound transmission-loss (ABIL and 
SBEL) evaluation are used in parallel to assess the sound package performance and compared. 
It shows, that the SBEL and ABEL are similar for highly damped systems, and that in general 
the difference between the two is mainly important for resonant systems (bare panel or panel 
with a lightweight sound package), especially at low frequencies. 
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7 Conclusion 
7.1 Main results 
The main objective of this work was to develop an accurate and reliable low-cost numerical 
tool that is capable of predicting the vibroacoustic response of sandwich structures containing 
viscoelastic materials with certain specifications. 
Note that all the objectives fixed in the present work have been addressed and achieved and 
are summarized here. 
• Sandwich beam 
A new sandwich finite element was presented for the specific case of unsymmetrical three-
layered damped sandwich beam with internal viscoelastic damping. The model was based on a 
discrete displacement approach and accounts for the curvature effect. The element used C° 
continuous linear and cubic polynomials to interpolate the in-plane, and transverse 
displacement fields, respectively. The rotational influence of the transversal shearing in the 
core on the skins' behaviours ensured a displacement consistency over the interfaces between 
the viscoelastic core and the elastic skins, resulting in an accurate representation of the 
physics. The accuracy and validity of the present model was verified by comparison with 
analytical models, finite elements, and experimental results. 
Validation examples, consisting of sandwich structures with various geometrical and 
mechanical behaviours, have been conducted to demonstrate the validity and accuracy of the 
developed element to (i) estimate the modal resonances; (ii) the frequency response functions 
and (iii) the damping loss factors. Validations were performed versus both analytical and 
classical finite element models using MSC/NASTRAN® (Nastran). 
• Sandwich plate 
The developed element sandwich beam model was extended to the vibration of unsymmetrical 
damped sandwich plates. It is concerned with the development of two efficient finite element 
sandwich plates: refined rectangular and triangular elements having four and three-corner 
nodes, respectively. Each node of both elements contains seven degrees of freedom. These are 
the transverse displacement W, the in-plane displacements U, V and four rotations v|/x, \j/y, 9X, 
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9y. The element used C° continuous linear and cubic polynomials to interpolate the in-plane 
and transverse displacement fields, respectively. The linear/cubic mix of interpolation 
functions is important because it eliminates shear locking in the element. The formulation of 
the bending terms for the 3-noded triangular element was based on the same concept as the 
Discrete Kirchhooff triangular element (DKT) developed by Batoz and al. To allow for 
analysis with arbitrary orientation in three-dimensional space, two drilling degrees of freedom 
were added. A formulation with nine degrees of freedom per node was employed. The present 
sandwich element is easy to interface with classical elements. 
The element was compared with both experimental and classical FE modeling to prove its 
accuracy and computational efficiency. The experimental part consists of various 
configurations of sandwich panels in a coupled and uncoupled plate-cavity system. 
Finally, a numerical parameter study was performed on laminated steels. First, it shows that 
laminated steels have a much lower vibration response and acoustic radiation compared to 
conventional steel. Second, the thickness of each layer has a significant effect on the vibro-
acoustic performance of such structures. The surface of treatment also has a significant effect, 
since it is not necessary to fully cover the panel to improve performance. On the other hand, 
NVH simulations were conducted on laminated steel panels and compared to steel panels with 
an equivalent surface mass. Both configurations are created by adding sound packages (equal 
mass). The sandwich configuration has the added benefit of increasing the TL of the panel, 
due to its high inherent damping. The study also illustrated the performance of a sound 
package based on the use of a porous highly-resistive screen. 
7.2 Originalities 
The objective of this research was focused on the modeling of the vibroacoustic behaviour of 
laminated steels by a finite element method. It concentrated on developing an accurate and 
reliable low-cost numerical model that is capable of predicting the vibroacoustic response of 
such structures (flat, curved). Comparisons with numerical results and experimental data were 
conducted to guide and asses the validity of the developed model. The tests consisted of 
various configurations of sandwich panels in a coupled and uncoupled plate-cavity system. 
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These configurations are largely used in almost all fields of industry. Therefore, the present 
work fulfils a real need. 
The original contributions of this study are: 
• Development of a new finite element sandwich model for beams and plates. It allows 
for both symmetrical and unsymmetrical configurations and accounts for the curvature 
effect. The model is free of shear locking effects; its accuracy is comparable to 
classical models and it is computationally efficient. 
• Interfacing with classical elements such us quad4 and tri3 elements. 
• Validation of the model through a series of experiments undertaken on rectangular 
panels consisting of various configurations of sandwich panels in a coupled and 
uncoupled plate-cavity system. 
• Analysis of the effect of different parameters of laminated steels to highlight the 
effects of skin and core properties on the vibration and radiation of a baffled laminated 
plate under structure-borne and airborne excitation. 
• Analysis of the vibration performance of steel versus laminated dash panels. 
• Analysing the vibration and acoustical performance of steel versus laminated steel 
panels with added sound package. 
This work has also leaded to three journal papers (one accepted and two submitted) and three 
conference papers (Amichi et Atalla, 2007; Amichi et Atalla, 2009; Amichi et Atalla, 2009; 
Amichi et Atalla, 2008; Amichi et Atalla, 2008; Amichi et al., 2008) 
7.3 Future research 
This study has demonstrated that the developed model for the sandwich beam and plate 
analyses were successful. All the results were numerically and experimentally validated. The 
present study allows for future improvements and complementary works. The main objective 
of the future work may focus on the development and experimental validation of numerical 
modeling tools applied to sandwich structures with acoustic treatment (added sound package). 
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The perspective objectives are: 
• Accounting for the curvature in the modeling of the acoustic treatments, by adding 
both absorption and insulation effects of the sound package to the sandwich structures 
under both airborne and structure-borne excitation. 
• Modeling of complex structures, such as front dash panels involving viscoelastic 
sandwich structures with acoustic treatments combining different effects of the sound 
package (radiation of a dash in a cavity representative of a car). 
• Experimental validation on laminated dash panels under airborne and structure-borne 
excitation. 
• Use of the developed model to inverse characterization of viscoelastic material using 
beam/plate structures. The inverse method used will match measured FRFs with 
predictions from a model in which Young's modulus, shear modulus and damping are 
adjustable parameters. Use of different testing boundary conditions, so as to eliminate 
the Oberst formulae limitations and reach higher frequencies, especially for high 
damping configurations. 
• Generalization of the element to account for thick soft cores where through thickness 
motion become important (asymmetric motion of the skins). This will allow for 
instance the modeling of sandwich panels with thick Honeycomb core. 
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Annexe 
Stiffness and mass matrices of the sandwich beam 
The stiffness and mass matrix of the sandwich beam were calculated analytically, by direct 
integration, using the Maple software. The stiffness matrix of the faces and the core is 
composed by a membrane (m), bending (/), coupling membrane-bending (mj) and shear (c) 
(for the core only) terms. While, the mass matrix is composed by an inertia terms of 
translation in x (m) and z (/) direction and rotation (r) around y as well as coupling terms of 
translation-rotation (rm). 
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